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Abstract
We investigate the half heat equation controlled from a sub-arc on the unit circle. The half

heat equation marks the boundary case in the range of general fractional heat equations between
null-controllability and lack of null-controllability. As it turns out, complex function theory and
spaces of holomorphic functions show to be powerful tools in this situation. In particular, null
controllable functions can be described translating first the problem to positive frequencies where
Hardy, Bergman and Dirichlet spaces come into play. The case of general 𝐿2-data follows then
by classical results on decomposition of harmonic functions on suitable domains into the sum
of functions in a Bergman space and its conjugate. A striking fact is that it is possible to show
time-independence of null controllable states using so-called separation of singularities without an
explicit characterization of these states.
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1 Introduction

1.1 Setting

Let 𝕋 be the unit complex circle. Functions in 𝐿2(𝕋) can be written as 𝑓(ei𝑥) = ∑𝑛∈ℤ 𝑓̂(𝑛)e
i𝑛𝑥, where

(𝑓̂(𝑛))𝑛 ∈ ℓ2(ℤ). With this notation, we will frequently identify 𝕋 andℝ/2𝜋ℤ ∼ [0, 2𝜋) endowed with
the Lebesgue measure (with total measure 2𝜋). We will use in a similar fashion the words arc and
interval for a connected subset of 𝕋. Let |𝐷| be the unbounded operator on 𝐿2(𝕋) defined by

|𝐷|𝑓(ei𝑥) = ∑
𝑛∈ℤ

|𝑛|𝑓̂(𝑛)ei𝑛𝑥. (1)

Given an open subset 𝜔 ⊂ 𝕋, we consider the control system (that we will call “𝐿2 control system”):

{
(𝜕𝑡 + |𝐷|)𝑓(𝑡, ei𝑥) = 1𝜔𝑢(𝑡, ei𝑥), 𝑡 ≥ 0, ei𝑥 ∈ 𝕋,
𝑓(0, ei𝑥) = 𝑓0(ei𝑥), ei𝑥 ∈ 𝕋, 𝑓0 ∈ 𝐿2(𝕋).

(2)

As an intermediary step, we also consider the following “𝐻2 control system”, where 𝑃+𝑓(ei𝑥) =
∑𝑛≥0 𝑓̂(𝑛)e

i𝑛𝑥 is the Riesz projector and 𝐻2 = 𝑃+𝐿2(𝕋):

{
(𝜕𝑡 + |𝐷|)𝑓(𝑡, ei𝑥) = 𝑃+1𝜔𝑢(𝑡, ei𝑥), 𝑡 ≥ 0, ei𝑥 ∈ 𝕋,
𝑓(0, ei𝑥) = 𝑓0(ei𝑥), ei𝑥 ∈ 𝕋, 𝑓0 ∈ 𝐻2.

(3)
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These are control systems with state 𝑓(𝑡, ⋅) ∈ 𝐿2(𝕋) (respectively 𝐻2) and control 𝑢 ∈ 𝐿2([0, 𝑇] × 𝜔).
We are interested in which initial states can be steered to 0, namely:

Definition 1.1. We say that 𝑓0 ∈ 𝐿2(𝕋) (resp. in 𝐻2) is null-controllable (or steerable to 0) from 𝜔 in
time 𝑇 in 𝐿2 (resp. in 𝐻2) if there exists 𝑢 ∈ 𝐿2([0, 𝑇] × 𝜔) such that the solution 𝑓 of the 𝐿2 control
system (2) (resp. the 𝐻2 control system (3)) with initial condition 𝑓0 is such that 𝑓(𝑇, ⋅) = 0.

We denote by𝒩𝒞𝐿2(𝜔, 𝑇) (resp.𝒩𝒞𝐻2(𝜔, 𝑇)) the set of initial conditions that are steerable to 0 in
𝐿2 (resp. 𝐻2) from 𝜔 in time 𝑇.

Using Fourier series, we can check that the operator |𝐷| with domain 𝑊 1,2(𝕋) is self-adjoint
maximal monotone on 𝐿2(𝕋), hence it generates an analytic semigroup 𝑆(𝑡) on 𝐿2(𝕋). If 𝑓0(𝑥) =
∑𝑛∈ℤ 𝑓̂0(𝑛)e

i𝑛𝑥, this semigroup is given by

𝑆(𝑡)𝑓0(ei𝑥) = ∑
𝑛∈ℤ

𝑓̂0(𝑛)e−|𝑛|𝑡ei𝑛𝑥. (4)

In other words, the Cauchy problems (2) and (3) are well-posed.

1.2 Overview of the results
The starting observation in our study is that setting𝑓h(𝑧) ≔ ∑𝑛≥0 𝑓̂0(𝑛)𝑧

𝑛 and𝑓a(𝑧) ≔ ∑𝑛>0 𝑓̂0(−𝑛)𝑧
𝑛

for |𝑧| < 1, the semigroup (4) is given by 𝑆(𝑡)𝑓0(ei𝑥) = 𝑓h(e−𝑡+i𝑥)+𝑓a(e−𝑡+i𝑥), where 𝑓h is holomorphic
and 𝑓a is anti-holomorphic.

This suggests that complex and harmonic analysis tools can be used to study these control sys-
tems (2)–(3). A central role in our analysis will be played by Bergman spaces. We recall that for
a domain Ω ⊂ ℂ, the Bergman space 𝐴2(Ω) is the set of functions 𝑓 holomorphic on Ω such that
‖𝑓‖2𝐴2(Ω) = ∫Ω |𝑓|

2 d𝐴 < +∞, where 𝐴 is the planar Lebesgue measure (weighted versions are de-
fined integrating against the corresponding weight). We refer to, e.g., [11, §18.1] for an elementary
introduction to Bergman spaces.

We start by discussing the null-controllable states for the 𝐻2-control system (3), where free
solutions can be written as 𝑓(e−𝑡+i𝑥) for some holomorphic function 𝑓.

Combining the above observation and the usual equivalence between null-controllability and the
so-called observability inequality [12, Theorem 2.44, 48, Theorem 11.2.1], we prove in section 2.1 the
following characterization of null-controllable states:

Proposition 1.2. Let 𝜔 be an open subset of 𝕋 and 𝑇 > 0. LetΩ𝑇 ≔ {𝑧 ∈ ℂ, 1 < |𝑧| < e𝑇, 𝑧/|𝑧| ∈ 𝜔}
(see fig. 1). Let 𝑓0 ∈ 𝐻2. The following assertions are equivalent:

• 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔, 𝑇),

• there exists 𝐶𝑓0,𝑇 > 0 such that for every polynomial 𝑝 ∈ ℂ[𝑋],

|⟨𝑓0, 𝑝⟩𝐻2| ≤ 𝐶𝑓0,𝑇‖𝑝‖𝐴2(Ω𝑇). (5)

If these assertions are satisfied, we can choose the control 𝑢 that steers 𝑓0 to 0 such that ‖𝑢‖𝐿2([0,𝑇]×𝜔) ≤
e𝑇𝐶𝑓0,𝑇, where 𝐶𝑓0,𝑇 is the constant that appears in the second assertion.

Our first main result states that when 𝜔 is an interval,𝒩𝒞𝐻2(𝜔, 𝑇) does not depend on 𝑇:

Theorem1.3. Let𝜔 be anon-trivial open interval of 𝕋. For every𝑇, 𝑇 ′ > 0,𝒩𝒞𝐻2(𝜔, 𝑇) = 𝒩𝒞𝐻2(𝜔, 𝑇 ′).
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Figure 1: Illustration of Ω𝑇 (red partial ring outside𝔻), and, for later
purposes,Ω∗

𝑇 = {1/𝑧, 𝑧 ∈ Ω𝑇} (yellow partial ring inside𝔻).

The proof of theorem 1.3 relies on the theorem of separation of singularities which states that
under some geometrical assumptions, 𝐴2(Ω1 ∩ Ω2) = 𝐴2(Ω1) + 𝐴2(Ω2) (see theorem 2.4). In view of
theorem 1.3, from now on, we will omit the 𝑇 in𝒩𝒞𝐻2(𝜔, 𝑇) and write𝒩𝒞𝐻2(𝜔).

Like the previous theorem, most of our theorems are stated when 𝜔 is an interval, but it should
be clear while reading the proofs that they still hold when 𝜔 is a finite union of intervals that are at
positive distance from each other. More pathological 𝜔 would require other tools.

We will actually prove a more precise result in theorem 2.2 which gives an estimate of the cost of
the control: given 𝑓 ∈ 𝒩𝒞𝐻2(𝜔), there is 𝐶 such that the function 𝑢 steering the system to zero in
time 𝑇 satisfies

‖𝑢‖𝐿2([0,𝑇]×𝜔) ≤ 𝐶max(1, 𝑇−3/2).

According to our definition of 𝐻2 = 𝑃+𝐿2(𝕋), functions in 𝐻2 have the form 𝑓∶ ei𝑥 ∈ 𝕋 ↦
∑𝑛≥0 𝑓̂(𝑛)e

i𝑛𝑥. Since only non negative 𝑛 are present here, we can actually define 𝑓(𝑧) = ∑𝑛≥0 𝑓̂(𝑛)𝑧
𝑛

for 𝑧 ∈ 𝔻 ≔ {𝑧 ∈ ℂ, |𝑧| < 1}. This way, we recover the usual definition of the Hardy space 𝐻2

(see, e.g., [45, Definition 17.7 & Theorem 17.12]), with the usual identification of 𝑓 ∈ 𝐻2 (seen as
holomorphic in𝔻) and of its radial limits 𝑓(ei𝜃) ≔ lim𝑟→1− 𝑓(𝑟ei𝜃) [45, Theorem 17.11]. We will make
this identification throughout the article.

If 𝐸 ⊂ ℂ, we denote the closure of 𝐸 by 𝐸cl. Our main necessary condition for a function 𝑓0 ∈ 𝐻2

to be null-controllable is the following:

Theorem 1.4. We denote the Riemann sphere by ℂ̂. Let 𝜔 be a non-trivial open interval of 𝕋. If
𝑓0 ∈ 𝒩𝒞𝐻2(𝜔), then 𝑓0 can be extended holomorphically to ℂ̂ ∖ 𝜔cl. Denoting this extension also by 𝑓0,
we have

1. 𝑓0(∞) = 0,

2. ∫|𝑧|>1 |𝑓
′
0(𝑧)|2 d𝐴(𝑧) < +∞.

The proof of theorem 1.4 mostly consists in testing the observability inequality of theorem 1.2 on
the Hardy reproducing kernel (see definition below). We will call the space of holomorphic functions
on 𝔻e ≔ {𝑧 ∈ ℂ̂, |𝑧| > 1} satisfying 1. and 2. the Dirichlet space of the extended outer disk and
denote it by 𝒟(𝔻e). Note that by a computation in polar coordinates, for ℎ(𝑧) = ∑𝑛>0 ℎ̂(−𝑛)𝑧

−𝑛

holomorphic on 𝔻e, ℎ′ ∈ 𝐿2(𝔻e) if and only if ∑𝑛<0 |𝑛||ℎ̂(𝑛)|
2 < +∞. Using a natural connection

with holomorphic functions on ℂ̂ ∖ 𝕋 [10, Theorem 5.3.1], we will see that every 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔) can
be written as the so-called Cauchy-transform of a function supported on 𝜔. More precisely given

3



𝑔 ∈ 𝐿2(𝜔), we can write:

∫
𝜔

𝑔(𝑤)
2𝜋(1 − 𝑤𝑧)

|d𝑤| = {
𝑃+𝑔(𝑧) = ∑𝑛≥0 𝑔̂(𝑛)𝑧

𝑛, |𝑧| < 1,

−𝑃−𝑔(𝑧) = −∑𝑛>0
𝑔̂(−𝑛)
𝑧𝑛 , |𝑧| > 1,

(6)

and the left-hand side is called the Cauchy transform of 𝑔 (here 𝑃− = 𝐼 − 𝑃+ with its natural extension
to 𝔻e). With this, we are able to rephrase theorem 1.4 as:

Theorem 1.5. Let 𝜔 be a non-trivial open interval of 𝕋. Let 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔). Then there exists 𝑔 ∈ 𝐿2(𝕋),
such that

• supp 𝑔 ⊂ 𝜔cl,

• ∑
𝑛<0

|𝑛||𝑔̂(𝑛)|2 < +∞,

• 𝑓0 = 𝑃+𝑔.

Another consequence of theorem 1.4 is that we cannot steer non zero analytic initial states to zero.

Corollary 1.6. Let 𝜔 be a non-trivial open interval of 𝕋. If 𝑓0 ∈ 𝐻2 extends holomorphically to a disk
larger than 𝔻 and 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔), then 𝑓0 = 0.

We also get a sufficient condition for an initial condition to be null-controllable:

Theorem 1.7. Let 𝜔 be a non-trivial interval of 𝕋 with 𝜕𝜔 = {𝜁1, 𝜁2}. Suppose 𝑔 ∈ 𝐿2(𝕋) with

• supp 𝑔 ⊂ 𝜔cl,

• ∑
𝑛<0

|𝑛||𝑔̂(𝑛)|2 < +∞,

• ∫𝕋
|𝑔(𝜁)|2

|(𝜁−𝜁1)(𝜁−𝜁2)|
|d𝜁| < ∞.

Then 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔).

The proof relies on the notion of Carleson measures and pseudo-Carleson measures for Bergman
spaces defined as follows. We considerΩ ⊂ ℂ open bounded simply connected. We say that a positive
measure 𝜇 onΩ is a Carlesonmeasure if ( ∫Ω |𝑓(𝑧)|

2 d𝜇(𝑧))1/2 ≲ ‖𝑓‖𝐴2(Ω) for 𝑓 ∈ 𝐴2(Ω). We say that a
(possibly complex) measure 𝜇 onΩ is a pseudo-Carlesonmeasure if || ∫Ω 𝑓(𝑧)

2 d𝜇(𝑧)||1/2 ≲ ‖𝑓‖𝐴2(Ω) for
𝑓 ∈ 𝐴2(Ω). Of course, a Carlesonmeasure is also a pseudo-Carlesonmeasure. One important theorem
is the characterization of Carleson measure: 𝜇 is a Carleson measure if and only if 𝜇(𝐵(𝑧, 𝑟)) ≲ 𝑟2
for every ball 𝐵(𝑧, 𝑟) whose radius 𝑟 is comparable to d(𝑧, 𝜕Ω) [22, Theorem 2]. We refer to Gonzalez’
article [22] for further discussion of Carleson measures and to Xiao’s article [49] for a discussion of
pseudo-Carleson measure when Ω = 𝔻.

As a matter of fact, Stokes’ formula will give us a necessary and sufficient condition expressed in
terms of pseudo-Carleson measures (theorem 2.5). Using the characterization of Carleson measures,
we will see that the integrability hypothesis of theorem 1.7 indeed implies our pseudo-Carleson
measure condition of theorem 2.5.

In the following,𝑊 𝑘,𝑝 are the usual Sobolev spaces, see, e.g., [33, Definition 7.14] for 𝑘 ∈ ℕ and
[32, Definition 1.12] for 0 < 𝑘 < 1. Note that according to theorem 1.6, the complementary set of
𝒩𝒞𝐻2(𝜔) contains every nonzero polynomial, hence it is dense in every 𝐻2 ∩𝑊 𝑘,2(𝕋). We can also
deduce from theorem 1.7 that𝒩𝒞𝐻2(𝜔) is dense in every 𝐻2 ∩𝑊 𝑘,2(𝕋).
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Corollary 1.8. Let 𝜔 be a non-empty open interval of 𝕋. For every 𝑘 ∈ ℕ, the set𝒩𝒞𝐻2(𝜔) ∩𝑊 𝑘,2(𝕋) is
dense in𝐻2 ∩𝑊 𝑘,2(𝕋).

The proof of theorem 1.8 is in section 2.3. Note that𝑊 𝑘,2(𝕋) ∩𝐻2 is a closed subspace of 𝑊 𝑘,2(𝕋),
and we endow𝑊 𝑘,2(𝕋) ∩ 𝐻2 with the𝑊 𝑘,2(𝕋) scalar product.

There is still a gap between the necessary condition of theorem 1.5 and the sufficient condition
of theorem 1.7. However, if we assume a priori regularity on 𝑓0, we get a necessary and sufficient
condition:

Corollary 1.9. Let 𝜔 be a non-trivial open interval of 𝕋. Let 𝑓0 ∈ 𝐻2 ∩𝑊 1/2,2(𝕋). Then 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔)
if and only if there exists 𝑔 ∈ 𝐿2(𝕋) such that

• supp 𝑔 ⊂ 𝜔cl,

• 𝑔 ∈ 𝑊 1/2,2(𝕋),

• 𝑓0 = 𝑃+𝑔.

Observe that the first two conditions on 𝑔 in this corollary can be synthesized as 𝑔 ∈ 𝑊 1/2,2
00 (𝜔).

Indeed,𝑊 1/2,2
00 (𝜔) is by definition the set of functions in 𝐿2(𝜔) such that their extension by 0 on 𝕋 is

in𝑊 1/2,2(𝕋) [32, Definition 1.85]. The proof of theorem 1.9 mostly consists in plugging theorems 1.5
and 1.7 with some Hardy-type inequality satisfied by functions in𝑊 1/2,2

00 [32, Theorem 1.87].
We can also get another equivalent condition to 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔) although less tractable than the

corollary above (it involves harmonic extension toΩ𝑇). Using Stokes formula, we will see in section 2.4
that the following condition seems straightforward (but the rigorous proof takes quite the roundabout
way):

Theorem 1.10. Let 𝜔 be a non-trivial open interval of 𝕋. Let 𝑔 ∈ 𝐿2(𝜔), and let 𝑢 be the solution of
Δ𝑢 = 0 onΩ𝑇, 𝑢(𝑧) = 𝑧𝑔(𝑧) on 𝜔, 𝑢 = 0 on 𝜕Ω𝑇 ∖ 𝜔 (see section B and theorem B.3 for the definition).
The following assertions are equivalent:

• 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔),

• 𝜕𝑧𝑢 ∈ 𝐿2(Ω𝑇).

The study of the 𝐻2 control system (3) is the stepping stone to the study of the full 𝐿2 control
system (2). We are able to prove in section 3 the following link between𝒩𝒞𝐻2(𝜔) and𝒩𝒞𝐿2(𝜔, 𝑇):

Theorem 1.11. Let 𝜔 be a strict open interval of 𝕋 and let 𝑇 > 0. Then, for every 𝑓0 ∈ 𝐿2(𝕋).

𝑓0 ∈ 𝒩𝒞𝐿2(𝜔, 𝑇) ⇔ {
𝑃+𝑓0 ∈ 𝒩𝒞𝐻2(𝜔),
𝑃+𝑓0 ∈ 𝒩𝒞𝐻2(𝜔).

Recall that, as explained at the beginning of this section, free solutions of the half-heat equation
are sums of holomorphic and anti-holomorphic functions in e−𝑡+i𝑥. If we are to translate the results
on𝒩𝒞𝐻2(𝜔) into results on𝒩𝒞𝐿2(𝜔, 𝑇), we need a way to properly “separate” the dynamics of the
positive and negative frequencies just by looking at the control region 𝜔. Fortunately, an inequality by
Friedrichs [20] turns out to be just the right tool, and is the main technical ingredient of the proof of
theorem 1.11.

Theorem 1.11 allows us to study the set 𝒩𝒞𝐿2(𝜔, 𝑇) by using the results on 𝒩𝒞𝐻2(𝜔, 𝑇). In
particular, since𝒩𝒞𝐻2(𝜔, 𝑇) does not depend on 𝑇 (theorem 1.3), the right-hand side in the previous
equivalence does not depend on 𝑇. Hence:
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Corollary 1.12. Let 𝜔 be a non-trivial open interval of 𝕋. The set𝒩𝒞𝐿2(𝜔, 𝑇) does not depend on 𝑇: for
all 𝑇 ′, 𝑇 > 0,𝒩𝒞𝐿2(𝜔, 𝑇) = 𝒩𝒞𝐿2(𝜔, 𝑇 ′).

We will also prove the following analog of theorem 1.6.

Corollary 1.13. Let 𝜔 be a strict interval of 𝕋 and let 𝑇 > 0. If 𝑓0 ∈ 𝐿2(𝕋) is analytic on 𝕋 and
𝑓0 ∈ 𝒩𝒞𝐿2(𝜔, 𝑇), then 𝑓0 = 0.

Theorem 1.9 does not transfer so nicely to the 𝐿2 control system (we would find that𝒩𝒞𝐿2(𝜔) ∩
𝑊 1/2,2(𝕋) = {𝑃+𝑔+ + (1 − 𝑃+)𝑔−, 𝑔± ∈ 𝑊 1/2,2

00 (𝜔), ∫𝕋 𝑔+ = ∫𝕋 𝑔−}; we leave the proof to the interested
reader), but we can still prove that the space of null-controllable initial data is dense:

Corollary 1.14. For every 𝑘 ∈ ℕ, the set𝒩𝒞𝐿2(𝜔) ∩ 𝑊 𝑘,2(𝕋) is dense in𝑊 𝑘,2(𝕋).

Finally, our method gives some results on the half-heat equation on a segment (see appendix C
for some results with Dirichlet boundary conditions) and on the reachable space for the half-heat
equation (see appendix D)

1.3 Discussion and examples
Let us first mention that while the half-heat equation is not null-controllable (i.e.,𝒩𝒞𝐿2(𝜔) ≠ 𝐿2(𝕋),
as seen for instance in theorem 1.6), it is approximately controllable, meaning that for every 𝑓0, 𝑓1 ∈ 𝐻2

(resp. in 𝐿2(𝕋)), for every 𝜖 > 0, there exists 𝑢 ∈ 𝐿2([0, 𝑇] × 𝜔) such that the solution of the control
system (3) (resp. (2)) with 𝑓(0, ⋅) = 𝑓0 is such that ‖𝑓(𝑇, ⋅) − 𝑓1‖𝐿2 < 𝜖. Indeed, this approximate
controllability is equivalent to unique continuation [12, Theorem 2.43]. This is standard, but let
us quickly prove that unique continuation holds for the 𝐿2-control system (2). Let 𝑔0 ∈ 𝐿2(𝕋) and
assume that 𝑔(𝑡, ei𝑥) = 𝑆(𝑡)∗𝑔0(ei𝑥) = ∑𝑛∈ℤ 𝑔̂0(𝑛)e

−|𝑛|𝑡+i𝑛𝑥 vanishes on [0, 𝑇] × 𝜔. We see that 𝑔 is
real-analytic in 𝑡 and in ei𝑥 on ℝ∗

+ × 𝕋, and since it vanishes on [0, 𝑇] × 𝜔, it vanishes everywhere,
proving the claim.

Let us now give some examples of functions that are or are not null-controllable.
Our necessary condition theorem 1.5 is efficient at proving that an initial state is not null-

controllable: anything that is not smooth on 𝕋 ∖ 𝜔 is not null-controllable, but anything that is
too smooth (analytic) on the whole space is not null-controllable neither (theorem 1.6).

Giving a null-controllable initial state with a closed form expression is harder. For some 0 < 𝑎 < 𝜋,
consider the case 𝜔 = {|𝑧| = 1, |arg(𝑧)| < 𝑎}. For 0 < 𝜃0 ≤ 𝑎, consider 𝑔 a “triangle” function

𝑔(ei𝜃) =
⎧⎪
⎨⎪
⎩

0, −𝜋 < 𝜃 < −𝜃0,
𝜃0 + 𝜃, −𝜃0 < 𝜃 < 0,
𝜃0 − 𝜃, 0 < 𝜃 < 𝜃0,
0, 𝜃0 < 𝜃 < 𝜋.

Then straightforward (but tedious) computations show that

𝑃+𝑔(𝑧) = 𝜃20 − 2Li2(𝑧) + Li2(ei𝜃0𝑧) + Li2(e−i𝜃0𝑧),

where Li2 is the dilogarithm defined by Li2(𝑧) = ∑𝑛>0
𝑧𝑛

𝑛2
. We plot 𝑃+𝑔 in fig. 2. Since 𝑔 ∈ 𝑊 1,2

0 (𝜔),
𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔). This is the simplest null-controllable initial state with a closed-form expression we
could find.

A difficult question is to decide in general whether a given function 𝑓0 ∈ 𝐻2 is the Riesz projection
of a function 𝑔 ∈ 𝐿2(𝕋) with supp(𝑔) ⊂ 𝜔cl, and moreover extending holomorphically to ℂ̂ ∖ 𝜔cl. This
question is related to the delicate problem of describing ranges of so-called Toeplitz operators.
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Figure 2: A plot of 𝜃 ↦ 𝑃+𝑔(ei𝜃) for 𝜃0 = 𝜋/4. The real part is in blue, the imaginary part in green.

Still, it is clear that if 𝑓0 is the Riesz projection of 𝑔 ∈ 𝐿2(𝕋) and supp(𝑔) ⊂ 𝜔cl, then 𝑔 is unique.
Indeed, if 𝑃+𝑔 = 0, then 𝑃−𝑔 = 0 on 𝕋 ∖ 𝜔cl which by standard uniqueness results in 𝐻2 [45, Theorem
17.18] (or 𝐻2) implies that 𝑔 = 0.

In the language of inverse problem, the problem “recover 𝑔 ∈ 𝐿2(𝜔) from 𝑃+𝑔” is identifiable.
However, we do not have an inequality ‖𝑔‖𝐿2(𝜔) ≲ ‖𝑃+𝑔‖𝐿2: consider 𝜒 ∈ 𝐶∞

𝑐 (𝜔) and 𝜒𝑘(𝑥) =
e−i𝑘𝑥𝜒(𝑥). Then 𝜒𝑘(𝑛) = 𝜒̂(𝑛 + 𝑘), hence ‖𝑃+𝜒𝑘‖2𝐿2 = 2𝜋∑𝑛≥𝑘 |𝜒̂(𝑛)|

2 → 0 as 𝑘 → +∞ while
‖𝜒𝑘‖𝐿2(𝜔) = 𝑐 > 0. In the language of inverse problems, the problem above is not stable.

We also mention Tumarkin’s theorem [10, Theorem 5.3.1], which we actually use to deduce theo-
rem 1.5 from theorem 1.4. So probably Tumarkin’s theorem would not tell us more than theorem 1.4.
We refer to [10, Chapter 5] for related results.

Let us finally discuss how the spaces (for the function 𝑔) that appear in theorems 1.5, 1.7, 1.9
and 1.10 compare to each other. It will be convenient to have a notation for the space of functions
with different type of regularity/integrability for positive and negative frequencies.

Definition 1.15. We assume that 𝜔 is a strict interval of 𝕋 with endpoints 𝜁1 and 𝜁2. Given 𝑠, 𝑡 ∈ ℝ,
we set

𝑋𝑠+
𝑡− (𝜔) ≔ {𝑔 ∈ 𝐿2(𝕋), supp(𝑔) ⊂ 𝜔cl, 𝑃+𝑔 ∈ 𝑊 𝑠,2(𝕋), (𝐼 − 𝑃+)𝑔 ∈ 𝑊 𝑡,2(𝕋)},

0𝑋𝑠+𝑡−(𝜔) ≔ 𝑋𝑠+
𝑡− (𝜔) ∩ {∫

𝕋

|𝑔(𝜁)|2

|(𝜁 − 𝜁1)(𝜁 − 𝜁2)|
|d𝜁| < ∞} ,

𝑋(𝜔) ≔ {𝑔 ∈ 𝐿2(𝜔), 𝜕𝑧𝑃Ω𝑇𝑔 ∈ 𝐿2(Ω𝑇)},

where 𝑃Ω𝑇 ∶ 𝐿2(𝜕Ω𝑇) → ℎ(Ω𝑇) is the Poisson integral operator for Ω𝑇. If 𝑔 ∈ 𝐿2(𝜔) and 𝑓0 = 𝑃+𝑔,
with these notations, the previous theorems can be rephrased as

𝑓0 ∈ 𝒩𝒞𝐻2(𝜔) ∩ 𝑊 1/2,2(𝕋) ⇔ 𝑔 ∈ 𝑋1/2+
1/2− (𝜔), (theorem 1.9)

𝑓0 ∈ 𝒩𝒞𝐻2(𝜔) ⟹ 𝑔 ∈ 𝑋0+
1/2−(𝜔), (theorem 1.5)

𝑓0 ∈ 𝒩𝒞𝐻2(𝜔) ⇔ 𝑔 ∈ 𝑋(𝜔), (theorem 1.10)
𝑔 ∈ 0𝑋0+1/2−(𝜔) ⟹ 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔). (theorem 1.7)

Thus, we have
𝑋1/2+
1/2− (𝜔) ⊆

0𝑋0+1/2−(𝜔) ⊆ 𝑋(𝜔) ⊆ 𝑋0+
1/2−(𝜔).
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See, e.g., [32, Theorem 1.87] for the first inclusion. The space 𝑋1/2+
1/2− (𝜔) = 𝑊 1/2,2

00 (𝜔) that appears in
theorem 1.9 is the simplest, or maybe the least unusual of the bunch. The triangle function 𝑔 above
belongs in this space (and even in𝑊 1,2

0 (𝜔)).
We can construct a function in 𝑋0+

1/2−(𝜔) ∖ 𝑋
1/2+
1/2− (𝜔) the following way: assuming 1 ∈ 𝜔, first

consider ℎ(𝑧) = −∑𝑛>0 𝑧
𝑛/𝑛 = log(1 − 𝑧). Then 𝑃+ℎ ∉ 𝑊 1/2,2(𝕋) and (𝐼 − 𝑃+)ℎ = 0 ∈ 𝑊 1/2,2(𝕋).

Consider also 𝜒 ∈ 𝐶∞
𝑐 (𝜔) such that 𝜒 = 1 on a neighborhood of 1. Finally, set 𝑔 = 𝜒ℎ. Then, we have

𝑔 ∈ 𝐿2(𝜔), and writing 𝑔̂(𝑛) = ∑𝑘<𝑛 𝜒̂(𝑘)/(𝑛 − 𝑘), we see that 𝑔̂(𝑛) decays faster than any polynomial
as 𝑛 → −∞. In particular, (𝐼 − 𝑃+)𝑔 ∈ 𝑊 1/2,2(𝕋). On the other hand, 𝑔 ∉ 𝑊 1/2,2(𝕋), as that would
imply ℎ = (1 − 𝜒)ℎ + 𝑔 ∈ 𝑊 1/2,2(𝕋), a contradiction. Thus 𝑔 is a function that satisfies the necessary
condition of theorem 1.5 that is not in𝑊 1/2,2(𝕋). Since the support of 𝑔 is compact in 𝜔, 𝑔 also satisfies
the sufficient condition of theorem 1.7.

Thus, in the inclusion chain above, we actually have 𝑋1/2+
1/2− (𝜔) ⊊

0𝑋0+1/2−(𝜔).
Next, assume that 𝜔 = {ei𝑡, 0 < 𝑡 < 𝑎} for some 0 < 𝑎 < 2𝜋, choose 𝜒 ∈ 𝐶∞

𝑐 ([0, 𝑎)) with 𝜒 = 1
on [0, 𝜖] for some 0 < 𝜖 < 𝑎. Finally, set 𝑔(ei𝑡) = 𝜒(𝑡)1[0,𝑎)(𝑡)e−i/𝑡. We can estimate 𝑔̂(𝑛) using some
non-stationary phase (for 𝑛 < 0) and stationary phase (for 𝑛 > 0) arguments (see [51, Lemma 3.10
and Theorem 3.11] for the general idea) to get:

∀𝑁 > 0, 𝑔̂(𝑛) = 𝑂𝑛→−∞(𝑛−𝑁), |𝑔̂(𝑛)| ∼𝑛→+∞ 𝑐𝑛−3/4.

In particular, 𝑔 ∈ 𝑋0+
1/2−(𝜔) but does not satisfy the integrability condition of

0𝑋0+1/2−(𝜔). Hence,
0𝑋0+1/2−(𝜔) ⊊ 𝑋0+

1/2−(𝜔). We could not prove whether the other inclusions are strict or not.

1.4 Bibliographical comments
Control of the fractional heat equation The controllability of the fractional heat equation

(𝜕𝑡 + (−Δ)𝛼𝑢)𝑓 = 𝐵𝑢

has been studied since 2006 by Miller [40] and Micu and Zuazua [37].
More precisely, Miller [40] shows that the Lebeau-Robbiano control strategy (used to prove the

null-controllability of the heat equation [31]) is also adapted to prove the null-controllability of the
fractional heat equation when 𝛼 > 1/2.

On their end, Micu and Zuazua use the moment method (to prove the null-controllability of the
heat equation in dimension one [19]). They also remark that this strategy works for the fractional
heat equation when 𝛼 > 1/2.

In the case 𝛼 ≤ 1/2, Miller, Micu and Zuazua (see also [17, Appendix]) consider shaped controls,
i.e., the right-hand side of the equation is 𝑢(𝑡)ℎ(𝑥) (instead of 1𝜔𝑢(𝑡, 𝑥) as we are considering in this
article). Using Müntz’ theorem, they show that the fractional heat equation with 𝛼 ≤ 1/2 is not
null-controllable: for every control shape ℎ(𝑥) and 𝑇 > 0 there exists an initial state that cannot be
steered to 0 in time 𝑇.

We emphasize that the kind of control they consider (shaped control) is different to the controls
we are considering (internal control). On the surface, both kinds of control seem to give similar
results in dimension one: if 𝛼 > 1/2 the fractional heat equation is null-controllable with both, and if
𝛼 ≤ 1/2, the fractional heat equation is not null-controllable, whatever kind of control (see [29, 2, 35]
and [30, Theorem 4] for lack of null-controllability with internal controls).

However, differences in controllability properties appear when we look more closely. Let us
denote𝒩𝒞ℎ(𝑇) the space of null-controllable initial states for the half-heat equation with shaped
control with shape ℎ (Equation 1.1 with 𝑓 = ℎ in Micu and Zuazua’a article [37]). Then, for some
control shapes,𝒩𝒞ℎ(𝑇) = {0} [37, Theorem 3.1] (but if the control shape is analytical and non-zero,
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𝒩𝒞ℎ(𝑇) ≠ {0} [37, Proposition 3.3]). On the other end, with internal controls, our results show that
the space of null-controllable states𝒩𝒞𝐿2(𝜔) is somewhat large (theorems 1.7 to 1.9). Let us also
mention that theorem 1.6 was previously proved by the second author with a different proof [28,
Théorème 2.5].

These differences of controllability properties indicate that our methods do not adapt for shaped
control. Indeed, an important point of our analysis consists in identifying the right-hand side of the
observability inequality and a Bergman space norm (theorem 1.2), but nothing of this sort is possible
for shaped controls (see [37, eq. (5.1)] for the observability inequality associated to shaped controls).

The case 𝛼 = 1/2 (i.e., the half-heat equation) is interesting for another reason: in a sense, it can
be embedded in the Baouendi-Grushin heat equation (where 𝜔 ⊂ Ω ≔ (−1, 1) × 𝕋),

{
(𝜕𝑡 − 𝜕2𝑦 − 𝑦2𝜕2𝑥)𝑓(𝑡, 𝑦, 𝑥) = 1𝜔𝑢(𝑡, 𝑦, 𝑥), (𝑡, 𝑦, 𝑥) ∈ ℝ+ × (−1, 1) × 𝕋,
𝑓(0, 𝑦, 𝑥) = 𝑓0(𝑦, 𝑥), (𝑦, 𝑥) ∈ (−1, 1) × 𝕋.

This time it is controlled from the interior of the domain (we have interchanged 𝑥 and 𝑦 here in order
to keep 𝑥 ∈ 𝕋 to be consistant with the notation of the present article). Consider now (𝑣𝑛,𝑘), the
eigenfunctions of −𝜕2𝑦 + (𝑛𝑦)2 (with Dirichlet boundary conditions) associated to the eigenvalues 𝜆𝑛,𝑘,
then Φ𝑛,𝑘(𝑦, 𝑥) = 𝑣𝑛,𝑘(𝑦)𝑒𝑖𝑛𝑥 are eigenfunctions of −𝜕2𝑦 − 𝑦2𝜕2𝑥 and free solution can be expressed
as 𝑓(𝑡, 𝑦, 𝑥) = ∑𝑛,𝑘 e

−𝑡𝜆𝑛,𝑘𝑐𝑛,𝑘Φ𝑛,𝑘(𝑦, 𝑥). Since 𝜆𝑛,0 = 𝑛 + 𝑜(𝑛) [15, Theorem 4.23], it is natural to
introduce the corresponding differential operator on 𝕋 by

|𝐷𝑥|(∑
𝑛
𝑎𝑛𝑒𝑖𝑛𝑥) = ∑

𝑛
𝑎𝑛|𝑛|ei𝑛𝑥.

With this in mind, after having established that the so-called half-heat equation (𝜕𝑡 + |𝐷𝑥|)𝑓(𝑡, 𝑥) =
1𝜔𝑢(𝑡, 𝑥) (𝑓 being in a suitable subspace of 𝐻2) is not null-controllable on 𝜔 in any time, the second
author deduces that the Grushin equation is not null controllable in any time [30, Theorem 4].

This is the starting point of this paper. Indeed, knowing that the half-heat equation is not null-
controllable in any time raises the question which states can be steered to zero.

Complex analysis tools for control theory Complex analysis tools have proven to be powerful in
the study of several control problems, and our article is in the line of this tradition.

In particular, holomorphic function spaces and analytic function theory have shown to be efficient
in describing reachable states in certain control problems. Let us mention the classical heat equation.
For an interval 𝐼 ⊂ ℝ, this is given by

{
𝜕𝑡𝑦(𝑡, 𝑥) − 𝜕2𝑥𝑦(𝑡, 𝑥) = 0, 𝑡 > 0, 𝑥 ∈ 𝐼,
𝑦(0, 𝑥) = 𝑓(𝑥), 𝑥 ∈ 𝐼,

Aikawa, Hayashi and Saitoh [1] were considering this problem when 𝐼 = ℝ+ and the equation is
controlled in 𝑥0 = 0 by an 𝐿2-function in some finite time. As it turns out, the solution 𝑦(𝑇, ⋅) (𝑇 > 0
fixed) can be expressed as a certain Laplace-type transform for which the range is characterized as a
weighted Bergman space on the sector {𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ ∶ 𝑥 > 0, |𝑦| < 𝑥}.

Another prominent situation is when 𝐼 is a finite interval, say 𝐼 = (0, 𝜋), and the heat equation is
controlled from 𝑥0 = 0 and 𝑥1 = 𝜋:

{
𝜕𝑡𝑦(𝑡, 𝑥) − 𝜕2𝑥𝑦(𝑡, 𝑥) = 0, 𝑡 > 0, 𝑥 ∈ (0, 𝜋),
𝑦(𝑡, 0) = 𝑢0(𝑡), 𝑦(𝑡, 𝜋) = 𝑢𝜋(𝑡), 𝑡 > 0,
𝑦(0, 𝑥) = 𝑓(𝑥), 𝑥 ∈ (0, 𝜋),
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where 𝑢0 and 𝑢𝜋 are 𝐿2-functions (Dirichlet control; other types of boundary conditions can be
considered). We know thanks to an argument by Seidman [46], that for a well-posed linear control
system that is null-controllable in arbitrarily small time, the reachable space does not depend on time.
This heat equation is null-controllable in any time, and thus the reachable states do not depend on
time. Consider 𝑢0 and 𝑢𝜋 on some finite interval (0, 𝑇). In this situation, pioneering work by Fattorini
and Russell [19] showed that the reachable states extend to holomorphic functions on the square 𝐷
one diagonal of which is the interval (0, 𝜋). Subsequent work focused on a more precise description
of the reachable space. Martin, Rosier and Rouchon [36] proved that functions holomorphic in a disk
with a certain radius are reachable. This was significantly improved by Dardé and Ervedoza [14] who
establish that functions holomorphic in a neighborhood of 𝐷 are reachable. Tuscnak, Hartmann and
Kellay [23] then showed that the reachable space is sandwiched between two spaces of holomorphic
spaces on 𝐷, the Smirnov space, which is a kind of companion space to the Hardy space, and the
Bergman space. Using completely different techniques, the next steps were laid down in [41] and
[26], where the reachable space was identified as a sum of two Bergman spaces — unweighted in the
former paper, weighted in the latter. The final step was reached in [24] where the reachable space was
characterized as the Bergman space on 𝐷. A central tool of this result was the so-called separation of
singularities problem which is a purely complex analysis problem (see below), and which will show
to be of relevance also in the problem we will consider here.

Null-controllable states for other equations Most papers on null-controllability either

• prove that a control system is null-controllable, e.g., the heat equation [31, 21], Baouendi-
Grushin equation in some context [6], fractional heat with exponent larger than 1/2 [40, 39, 17,
3] and many more,

• or prove it is not null-controllable, e.g., fractional heat equation with exponent at most 1/2 [30,
29, 2] Baouendi-Grushin in other contexts [6, 30] and many more.

In the second case, one could ask which initial conditions can be steered to 0, but this is less studied.
We are aware of the following papers that tackle this question, in addition to the previously discussed
Micu-Zuazua’s paper [37]:

• The heat equation (possibly with some quadratic potential) on the half-line [38, 13], where no
non-zero initial state can be steered to 0,

• The Baouendi-Grushin equation controlled on a symmetric vertical band [7, Theorem 1.4],
where initial states that are regular enough can be steered to 0 in a smaller time than other
initial states,

• The heat equation on ℝ with “less and less control at∞” [9], where initial states in a suitably
weighted 𝐿2 space can be steered to 0.

• A heat-wave cascade system, where an explicit subspace of null-controllable initial conditions
depending on the coupling is identified [34].

Our article is an addition to this short list.
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1.5 Notations
We will introduce notations along the way, but to help the reader, we collect here the recurring
notations that appear in this article.

General notations
𝐴 ≲ 𝐵 ∃𝐶 > 0, 𝐴 ≤ 𝐶𝐵 (𝐴, 𝐵 depend on some parameters)
𝐴 ≍ 𝐵 𝐴 ≲ 𝐵 and 𝐵 ≲ 𝐴
⟨𝑓, 𝑔⟩𝐻 Scalar product in the Hilbert space 𝐻, left-linear and right-antilinear
Sets
ℂ̂ Riemann sphere (ℂ ∪ {∞})
𝔻 Unit disk {𝑧 ∈ ℂ, |𝑧| < 1}
𝕋 Complex unit circle {𝑧 ∈ ℂ, |𝑧| = 1}
𝔻e Extended exterior of the unit disk {𝑧 ∈ ℂ̂, |𝑧| > 1}
𝜔 Control region, non-trivial open connected subset of 𝕋
Ω𝑇 {1 < |𝑧| < e𝑇, arg(𝑧) ∈ 𝜔} (see fig. 1)
Ω∗
𝑇 {e−𝑇 < |𝑧| < 1, arg(𝑧) ∈ 𝜔} (see fig. 1)

𝐸 When 𝐸 ⊂ ℂ, {𝑧, 𝑧 ∈ 𝐸}
𝐸cl Closure of 𝐸
d(𝐸, 𝐹) Distance between two subsets of ℂ
Spaces
𝐿2(𝕋) Lebesgue space on 𝕋 with respect to linear measure
𝐿2(Ω) Lebesgue space on Ω with respect to area measure
ℎ(Ω) Space of harmonic functions on Ω
𝐻(Ω) Space of holomorphic functions on Ω
𝐻2 Hardy space (𝐻2 = 𝐻2(𝔻) = 𝑃+𝐿2(𝕋), see below for 𝑃+)
𝐴2(Ω) Bergman space (holomorphic functions in 𝐿2(Ω))
𝒟(Ω) Dirichlet space (holomorphic functions with derivative in 𝐿2(Ω))
𝑊 𝑘,𝑝, 𝑊 𝑘,𝑝

0 , 𝑊 𝑘,𝑝
00 Sobolev spaces

𝒩𝒞𝐻2(𝜔, 𝑇), 𝒩𝒞𝐿2(𝜔, 𝑇) Spaces of null-controllable initial states (theorem 1.1)
Functions
𝑘ᵆ Hardy reproducing kernel: ∀𝑓 ∈ 𝐻2, 𝑓(𝑢) = ⟨𝑓, 𝑘ᵆ⟩𝐻2. 𝑘ᵆ(𝑧) =

1
2𝜋(1−ᵆ𝑧)

𝑘Ωᵆ Bergman (𝐴2(Ω)) reproducing kernel: ∀𝑓 ∈ 𝐴2(Ω), 𝑓(𝑢) = ⟨𝑓, 𝑘Ωᵆ ⟩𝐴2(Ω)
Operators
𝑃+ Riesz projector 𝐿2(𝕋) → 𝐿2(𝕋) (projection on nonnegative frequencies)
𝑃− 𝐼 − 𝑃+ ∶ 𝐿2(𝕋) → 𝐿2(𝕋) (𝐼 identity operator)
𝑆(𝑡) Half-heat semigroup (eq. (4))
𝑃Ω Poisson kernel (and associated integral operator 𝐿2(𝜕Ω) → ℎ(Ω))
𝑃e Poisson Kernel on 𝔻e

𝜕𝑧, 𝜕𝑧 Wirtinger derivatives (𝜕𝑥 − i𝜕𝑦)/2 and (𝜕𝑥 + i𝜕𝑦)/2 respectively
ℱ𝑇 Input-to-output map (theorem 2.1)
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Measures
|d𝑧| Linear (1-dimensional Hausdorff) measure
d𝐴 Area (2-dimensional Lebesgue) measure

2 The 𝐻2 problem

2.1 The observability inequality
Let us start by defining the input-to-output map; a usual tool in control theory.

Definition 2.1. Let 𝑇 > 0 and 𝜔 ⊂ 𝕋measurable. We define the input-to-output map associated to
the 𝐿2 control system (2) ℱ𝑇∶ 𝐿2(0, 𝑇; 𝐿2(𝜔)) → 𝐿2(𝕋) by

∀𝑢 ∈ 𝐿2(0, 𝑇; 𝐿2(𝜔)), ℱ𝑇𝑢(ei𝑥) ≔ ∫
𝑇

0
𝑆(𝑇 − 𝑠)(1𝜔𝑢(𝑠, ⋅))(ei𝑥) d𝑠.

Wealso define the input-to-outputmap associated to the𝐻2 control system (3)ℱ+
𝑇 ∶ 𝐿2(0, 𝑇; 𝐿2(𝜔)) →

𝐻2 by

∀𝑢 ∈ 𝐿2(0, 𝑇; 𝐿2(𝜔)), ℱ+
𝑇 𝑢(ei𝑥) ≔ ∫

𝑇

0
𝑆(𝑇 − 𝑠)(𝑃+1𝜔𝑢(𝑠, ⋅))(ei𝑥) d𝑠.

These definitions correspond to the integral term that appears in Duhamel’s formula for the
control systems. Notice also that ℱ+

𝑇 = 𝑃+ℱ𝑇.
We now prove theorem 1.2 by combining the change of variables 𝑧 = e−𝑡+i𝑥 with the equivalence

between null-controllability and observability.

Proof of theorem 1.2. The case 𝑓0 = 0 is immediate with 𝐶𝑓0,𝑇 = 0. We now assume 𝑓0 ≠ 0.
By definition of 𝑆(𝑇), the solution 𝑓 of the 𝐻2-control system (3) is

𝑓(𝑇, ⋅) = 𝑆(𝑇)𝑓0 + ℱ+
𝑇 𝑢.

Hence, a function 𝑓0 is null controllable at time 𝑇 > 0 if and only if 𝑆(𝑇)𝑓0 ∈ Rgℱ+
𝑇 . Consider

the operators 𝐶2∶ 𝑓1 ∈ ℂ𝑓0 ↦ 𝑆(𝑇)𝑓1 ∈ 𝐻2 and 𝐶3 = ℱ+
𝑇 ∶ 𝐿2([0, 𝑇] × 𝜔) → 𝐻2. Then, 𝑓0 is

null-controllable at time 𝑇 if and only if Range(𝐶2) ⊂ Range(𝐶3).
According to a standard duality lemma [12, Lemma 2.48], this is equivalent to the existence of

𝐶′
𝑓0,𝑇 > 0 such that

∀𝑔 ∈ 𝐻2, ‖𝐶∗
2 𝑔‖𝐻2 ≤ 𝐶′

𝑓0,𝑇‖𝐶
∗
3 𝑔‖𝐿2(0,𝑇,𝐿2(𝜔)) = 𝐶′

𝑓0,𝑇‖(ℱ
+
𝑇 )∗𝑔‖𝐿2(0,𝑇,𝐿2(𝜔)), (7)

and if this holds, there exists a continuous linear map 𝐶1∶ ℂ𝑓0 → 𝐿2([0, 𝑇] × 𝜔) such that 𝐶2 = 𝐶3𝐶1
and ‖𝐶1‖ ≤ 𝐶′

𝑓0,𝑇. This relation reads 𝑆(𝑇)𝑓0 = ℱ+
𝑇 𝐶1𝑓0, that is, −𝐶1𝑓0 steers 𝑓0 to 0 in time 𝑇. Thus,

if the estimate (7) holds, we can choose the control 𝑢 that steers 𝑓0 to 0 such that ‖𝑢‖𝐿2([0,𝑇]×𝜔) ≤
𝐶′
𝑓0,𝑇‖𝑓0‖𝐻2.
To compute the left and right-hand sides, we first see from the definition of the semi-group 𝑆 (see

(4)) that if 𝑔 ∈ 𝐻2, then 𝑆(𝑡)∗𝑔(ei𝑥) = 𝑆(𝑡)𝑔(ei𝑥) = 𝑔(ei𝑥−𝑡).
Let us compute the left-hand side. Set 𝜄𝑓0 the injection map from ℂ𝑓0 to𝐻2. Then, 𝐶2 = 𝑆(𝑇) ∘ 𝜄𝑓0.

Routine computations show that 𝜄∗𝑓0 is the orthogonal projection onto ℂ𝑓0, that is

𝜄∗𝑓0𝑔 = ‖𝑓0‖−2𝐻2⟨𝑔, 𝑓0⟩𝐻2𝑓0.
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Thus,
𝐶∗
2 𝑔 = 𝜄∗𝑓0 ∘ 𝑆(𝑇)

∗𝑔 = 𝜄∗𝑓0 ∘ 𝑆(𝑇)𝑔 = 𝜄∗𝑓0(𝑔(e
−𝑇⋅)) = ‖𝑓0‖−2𝐻2⟨𝑔(e−𝑇⋅), 𝑓0⟩𝐻2𝑓0. (8)

Thus the observability inequality (7) is equivalent to

∀𝑔 ∈ 𝐻2, |⟨𝑔(e−𝑇⋅), 𝑓0⟩𝐻2| ≤ 𝐶′
𝑓0,𝑇‖𝑓0‖𝐻2‖(ℱ+

𝑇 )∗𝑔‖𝐿2(0,𝑇,𝐿2(𝜔)). (9)

Let us now compute the right hand side of eq. (7). First, routine computations [12, Lemma 2.47]
show that

(ℱ+
𝑇 )∗𝑔(𝑡) = 1∗𝜔𝑃+𝑆(𝑇 − 𝑡)∗𝑔, (10)

where 1∗𝜔∶ 𝐿2(𝕋) → 𝐿2(𝜔) is the restriction operator. Thus, the right-hand side of the observability
inequality (7) is,

‖(ℱ+
𝑇 )∗𝑔‖2𝐿2(0,𝑇;𝐿2(𝜔)) = ∫

𝑇

0
‖(ℱ+

𝑇 )∗𝑔(𝑡)‖2𝐿2(𝜔) d𝑡 = ∫
𝑇

0
∫
𝜔
|𝑔(ei𝑥−(𝑇−𝑡))|2 d𝑥 d𝑡

= ∫
𝑇

0
∫
𝜔
|𝑔(ei𝑥−𝑡)|2 d𝑥 d𝑡.

Wemake the change of variables 𝑧 = ei𝑥−𝑡, that satisfies d𝐴(𝑧) = |𝑧|2 d𝑡 d𝑥 (d𝐴 is the area measure
on ℂ ≃ ℝ2). The image of [0, 𝑇] × 𝜔 by this change of variables is Ω∗

𝑇 = {𝑧 ∈ ℂ∶ arg(𝑧) ∈ 𝜔, e−𝑇 <
|𝑧| < 1} (see fig. 1). Hence,

‖(ℱ+
𝑇 )∗𝑔‖2𝐿2(0,𝑇;𝐿2(𝜔)) = ∫

Ω∗
𝑇

|𝑔(𝑧)|2|𝑧|−2 d𝐴(𝑧). (11)

Since 1 ≤ |𝑧|−2 ≤ e2𝑇, plugging this in the right-hand side of (9) proves that the observability
inequality (7) (hence the null-controllability of 𝑓0) is equivalent to

|⟨𝑔(e−𝑇⋅), 𝑓0⟩𝐻2| ≤ 𝐶″
𝑓0,𝑇‖𝑔‖𝐴2(Ω∗

𝑇) (12)

for every 𝑔 ∈ 𝐻2. In addition, if the inequality (12) holds, then, the inequality (9) (and hence (7))
holds with 𝐶′

𝑓0,𝑇 ≤ ‖𝑓0‖−1𝐻2𝐶″
𝑓0,𝑇. In this case, we can choose the control 𝑢 that steers 𝑓0 to 0 such that

‖𝑢‖𝐿2([0,𝑇]×𝜔) ≤ 𝐶′
𝑓0,𝑇‖𝑓0‖𝐻2 ≤ 𝐶″

𝑓0,𝑇.
Since polynomials are dense in 𝐻2 [16, Theorem 3.3], and since 𝐻2 ⊂ 𝐴2(𝔻) ⊂ 𝐴2(Ω∗

𝑇) with
continuous inclusions, we can replace “for every 𝑔 ∈ 𝐻2” above by “for every 𝑔 ∈ ℂ[𝑋]”.

Finally, the change of function ̃𝑔(𝑧) = 𝑔(e−𝑇𝑧) proves that the inequality (12) can be written as

∀𝑔 ∈ ℂ[𝑋], |⟨𝑓0, 𝑔⟩𝐻2| ≤ e−𝑇𝐶″
𝑓0,𝑇‖𝑔‖𝐴2(Ω𝑇), (13)

where Ω𝑇 = e𝑇Ω∗
𝑇 is indeed the one defined in the statement of theorem 1.2.

2.2 Independence of null-controllable states with respect to time
We first prove that𝒩𝒞𝐻2(𝜔, 𝑇) does not depend on 𝑇 when 𝜔 is an interval. In fact, we are able to
estimate the norm of the control as 𝑇 → 0:

Theorem 2.2. Let 𝑇 > 0 and 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔, 𝑇). There exists 𝐶 > 0 such that for every 𝑇 ′ > 0, there
exists 𝑢 ∈ 𝐿2([0, 𝑇 ′] × 𝜔) with

• 𝑆(𝑇 ′)𝑓0 + ℱ+
𝑇′𝑢 = 0,
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• ‖𝑢‖𝐿2([0,𝑇′]×𝜔) ≤ 𝐶max(1, 𝑇 ′−3/2).

The first item says that the solution 𝑓 of the 𝐻2 control system (3) satisfies 𝑓(𝑇 ′, ⋅) = 0, i.e.,
𝑓0 ∈ 𝒩𝒞𝐻2(𝜔, 𝑇 ′). Hence, theorem 2.2 implies theorem 1.3.

A central ingredient will be a result on separation of singularities:

Theorem 2.3 (Corollary 1.2 [24]). Let 1 < 𝑝 < +∞. Let Ω1 and Ω2 be open sets of ℂ such that
∅ ≠ Ω1 ∩ Ω2 is bounded. If d(Ω1 ∖ Ω2, Ω2 ∖ Ω1) > 0, then 𝐴𝑝(Ω1 ∩ Ω2) = 𝐴𝑝(Ω1) + 𝐴𝑝(Ω2).

We actually need a little bit more information than this reference. Namely, we want the decom-
position 𝐴2(Ω1 ∩ Ω2) ∋ 𝑔 = 𝑔1 + 𝑔2 ∈ 𝐴2(Ω1) + 𝐴2(Ω2) to be done in a linear continuous way, with
an upper bound on the norm of the resulting operator. All of that is done by looking carefully at the
proof of the previous theorem, which we will do now:

Theorem 2.4. Let 𝑅 > 0. LetΩ1, Ω2 ⊂ 𝐵(0, 𝑅) open such that d(Ω1 ∖ Ω2, Ω2 ∖ Ω1) > 0. There exists
𝐵𝑖∶ 𝐴𝑝(Ω1 ∩ Ω2) → 𝐴𝑝(Ω𝑖) (𝑖 = 1, 2) linear continuous such that

• ∀𝑔 ∈ 𝐴𝑝(Ω1 ∩ Ω2), 𝑔 = 𝐵1𝑔 + 𝐵2𝑔,

• there exists 𝐶𝑅 > 0 depending only on 𝑅 such that for all 𝑔 ∈ 𝐴𝑝(Ω1 ∩ Ω2),

‖𝐵𝑖𝑔‖𝐴𝑝(Ω𝑖) ≤
𝐶𝑅

d(Ω1 ∖ Ω2, Ω2 ∖ Ω1)
‖𝑔‖𝐴𝑝(Ω1∩Ω2).

Proof. The idea of the proof is essentially the same as in [24]. The starting point is the construction
of a smooth partition of unity {1 − 𝜒, 𝜒} subordinate to {Ω1, Ω2}: 𝜒 ∈ 𝐶∞(ℂ) such that 𝜒 = 0 on a
neighborhood of (Ω1 ∖ Ω2)cl and 𝜒 = 1 on a neighborhood of (Ω2 ∖ Ω1)cl with 0 ≤ 𝜒 ≤ 1. The key
observation, which is the novelty here, is that 𝜒 additionally satisfies

‖∇𝜒‖𝐿∞(Ω1∪Ω2) ≤
𝐶

d(Ω1 ∖ Ω2, Ω2 ∖ Ω1)
. (14)

The construction is standard, but we detail it in section A for the reader’s convenience.
Now, given 𝑔 ∈ 𝐴𝑝(Ω1 ∩ Ω2), set ℎ = 𝑔𝜕𝑧𝜒 (initially defined on Ω1 ∩ Ω2 and extended by 0) and

𝑢 = 1
𝑧
∗ ℎ, the operators 𝐵𝑖 are defined as follows:

𝐵1𝑔 = 𝜒𝑔 − 𝑢,
𝐵2𝑔 = (1 − 𝜒)𝑔 + 𝑢,

(15)

where the functions on the right hand side are extended trivially outside Ω1 ∩ Ω2 (these extensions
are obviously smooth on Ω1 and Ω2 respectively).

By definition 𝐵1𝑔 + 𝐵2𝑔 = 𝑔. In addition, since 1/𝑧 is the fundamental solution for the 𝜕𝑧 operator,
we get that 𝜕𝑧𝑢 = 𝑔𝜕𝑧𝜒. Hence 𝜕𝑧𝐵1𝑔 = 0 and 𝜕𝑧𝐵2𝑔 = 0. That is, 𝐵1𝑔 and 𝐵2𝑔 are holomorphic.

We finally obtain the estimates of ‖𝐵𝑖‖:

‖𝐵1𝑔‖𝐿𝑝(Ω1) ≤ ‖𝑔‖𝐿𝑝(Ω1∩Ω2) +
‖
‖
1
𝑧
‖
‖𝐿1(𝐵(0,2𝑅))

‖𝑔𝜕𝑧𝜒‖𝐿𝑝(Ω1∩Ω2)

≤ (1 + ‖
‖
1
𝑧
‖
‖𝐿1(𝐵(0,2𝑅))

× 𝐶
d(Ω1 ∖ Ω2, Ω2 ∖ Ω1)

) ‖𝑔‖𝐿𝑝(Ω1∩Ω2),

and similarly for 𝐵2.

We can now prove theorem 2.2.
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𝜔

Ω𝑇
Ω𝑇′

Ω̂𝑇′

𝕋

e𝑇′/2

e𝑇

e𝑇′ Figure 3: Illustration of Ω̂𝑇′ andΩ𝑇 when
𝑇′ < 𝑇. The partial ringΩ𝑇 is in red (includ-
ing the reddish-yellow part). Ω̂𝑇′ is in yellow
(also including the reddish-yellow part). The
intersection of Ω𝑇 and Ω̂𝑇′ isΩ𝑇′ colored
in reddish-yellow.

Proof of theorem 2.2. Suppose that the function 𝑓0 is steerable to zero in time 𝑇 > 0. According to
theorem 1.2, this means that there exists 𝐶𝑓0,𝑇 > 0 such that for every polynomial 𝑔,

|⟨𝑓0, 𝑔⟩𝐻2| ≤ 𝐶𝑓0,𝑇‖𝑔‖𝐴2(Ω𝑇). (16)

Now, if 𝑇 ′ > 𝑇, then Ω𝑇 ⊂ Ω𝑇′, so that trivially ‖𝑔‖𝐴2(Ω𝑇) ≤ ‖𝑔‖𝐴2(Ω𝑇′) for 𝑔 ∈ 𝐴2(Ω𝑇′), which in
particular holds for polynomials. We thus get (16) for the norm in 𝐴2(Ω𝑇′) with the same constant
𝐶𝑓0,𝑇, showing that 𝑓0 is null controllable in time 𝑇

′ > 𝑇 with control of norm at most 𝐶𝑓0,𝑇.
Consider the situation when 0 < 𝑇 ′ < 𝑇. We have to check the observability inequality (16)

holds for Ω𝑇′ and for every polynomial 𝑔 knowing that it holds for functions in 𝐴2(Ω𝑇). Set Ω̂𝑇′ =
e𝑇′/2𝔻 ∪ Ω𝑇′, which compactly contains the closure of 𝔻, see fig. 3.

Then
Ω𝑇′ = Ω̂𝑇′ ∩ Ω𝑇.

By construction, Ω̂𝑇′ ∖ Ω𝑇 and Ω𝑇 ∖ Ω̂𝑇′ are at a strictly positive distance e𝑇′ − e𝑇′/2 ≥ 𝑇 ′/2, and so,
using Theorem 2.3, we have

𝐴2(Ω𝑇′) = 𝐴2(Ω̂𝑇′) + 𝐴2(Ω𝑇).

Moreover, for every 𝑔 ∈ 𝐴2(Ω𝑇′), we have 𝑔 = 𝐵1𝑔 + 𝐵2𝑔, where 𝐵1𝑔 ∈ 𝐴2(Ω̂𝑇′) and 𝐵2𝑔 ∈ 𝐴2(Ω𝑇)
and for some 𝐶𝑇 > 0,

‖𝐵1𝑔‖𝐴2(̂Ω𝑇′)
≤ 𝐶𝑇
𝑇 ′ ‖𝑔‖𝐴2(Ω𝑇′),

‖𝐵2𝑔‖𝐴2(Ω𝑇) ≤
𝐶𝑇
𝑇 ′ ‖𝑔‖𝐴2(Ω𝑇′).

Pick now a polynomial 𝑝, and let 𝑝 = 𝐵1𝑝 + 𝐵2𝑝 be a decomposition of 𝑝. Note that 𝐵1𝑝 and 𝐵2𝑝
need not to be polynomials. Define an anti-linear functional by

ℓ𝑓0(𝑝) = ⟨𝑓0, 𝑝⟩𝐻2, 𝑝 polynomial.

We have to show that |ℓ𝑓0(𝑝)| ≲ 𝑇 ′−3/2‖𝑝‖𝐴2(Ω𝑇′) for every polynomial 𝑝.
Now, since 𝑓0 is null controllable in time 𝑇, by the observability inequality (5) we have for every

polynomial 𝑝
|ℓ𝑓0(𝑝)| = |⟨𝑓0, 𝑝⟩𝐻2| ≤ 𝐶𝑓0,𝑇‖𝑝‖𝐴2(Ω𝑇).
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Since polynomials are dense in𝐴2(Ω𝑇) [11, Section 18.1, Theorem 1.11]1 we can extend ℓ𝑓0 to a unique
bounded functional ℓ1 defined on the whole space 𝐴2(Ω𝑇). We have ‖ℓ1‖ ≤ 𝐶𝑓0,𝑇.

On the other hand, since 𝔻cl ⊂ 𝐷(0, e𝑇′/2) ⊂ Ω̂𝑇′, an elementary computation leads to

‖𝑔‖2𝐻2 = ∑
𝑛≥0

|𝑔̂(𝑛)|2

= 2
𝑇 ′ ∑

𝑛≥0
|𝑔̂(𝑛)|2𝑇

′

2

≤ 2
𝑇 ′ ∑

𝑛≥0
|𝑔̂(𝑛)|2 e

𝑇′(𝑛+1) − 1
2𝑛 + 2

= 1
𝑇 ′ ‖𝑔‖

2
𝐴2(e𝑇′/2𝔻∖𝔻cl)

≤ 1
𝑇 ′ ‖𝑔‖

2
𝐴2(̂Ω𝑇′)

.

Hence, the Cauchy-Schwarz inequality yields

|ℓ𝑓0(𝑝)|
2 = |⟨𝑓0, 𝑝⟩𝐻2|2 =

|
|
|
∫
𝕋
𝑓0(ei𝑥)𝑝(ei𝑥) d𝑥

|
|
|

2
≤ ‖𝑓0‖2𝐻2 ∫

𝕋
|𝑝(ei𝑥)|2 d𝑥

≲ 𝑇 ′−1‖𝑝‖2𝐴2(̂Ω𝑇′)
.

Analogously, since polynomials are dense in 𝐴2(Ω̂𝑇′) we can extend ℓ𝑓0 to a unique functional ℓ2
defined on the whole space 𝐴2(Ω̂𝑇′), and ‖ℓ2‖ ≲ 𝑇 ′−1/2‖𝑓0‖𝐻2.

Since𝐴2(Ω𝑇)∩𝐴2(Ω̂𝑇′) (= 𝐴2(Ω𝑇∪Ω̂𝑇′)) is dense in𝐴2(Ω𝑇′) (they all contain densely polynomials),
we easily check that ℓ1 = ℓ2 on 𝐴2(Ω𝑇) ∩ 𝐴2(Ω̂𝑇′). Hence the formula

∀(𝑔1, 𝑔2) ∈ 𝐴2(Ω𝑇) × 𝐴2(Ω̂𝑇′), ℓ(𝑔1 + 𝑔2) ≔ ℓ1(𝑔1) + ℓ2(𝑔2)

defines uniquely a functional on 𝐴2(Ω𝑇) + 𝐴2(Ω̂𝑇′). Clearly, by uniqueness, ℓ = ℓ1 on 𝐴2(Ω𝑇) and
ℓ = ℓ2 on 𝐴2(Ω̂𝑇′). Hence, for every polynomial 𝑝

|ℓ𝑓0(𝑝)| = |ℓ(𝑝)| = |ℓ(𝐵1𝑝 + 𝐵2𝑝)| ≤ |ℓ(𝐵1𝑝)| + |ℓ(𝐵2𝑝)| = |ℓ1(𝐵1𝑝)| + |ℓ2(𝐵2𝑝)|.

Now, since the ℓ𝑖 are bounded on the underlying spaces we get

|ℓ𝑓0(𝑝)| ≲ ‖𝐵1𝑝‖𝐴2(̂Ω𝑇′)
+ 𝑇 ′−1/2‖𝐵2𝑝‖𝐴2(Ω𝑇) ≲ 𝑇 ′−3/2‖𝑝‖𝐴2(Ω𝑇′),

which concludes the proof.

2.3 Necessary conditions and sufficient conditions via complex analysis
We next prove the extension result. Since we have established the independence of null-controllability
in time, we will henceforth no longer use the index 𝑇 in Ω𝑇 and simply write Ω to not overcharge
notation. Recall that given Ω = {𝑟ei𝑡, ei𝑡 ∈ 𝜔, 1 < 𝑟 < e𝑇} (domain outside 𝔻) we denote Ω∗ =
{𝑟ei𝑡, ei𝑡 ∈ 𝜔, e−𝑇 < 𝑟 < 1} (domain inside 𝔻).

1Note that all sets on which we consider Bergman spaces in this paper are so-called Carathéodory domains, see [11,
Section 18.1, Definition 1.6 and Proposition 1.9] which gives density of polynomials in𝐴2.
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Proof of theorem 1.4. Step 1: Holomorphic extension. — For 𝑢 ∈ 𝔻, let 𝑘ᵆ(𝑧) =
1

2𝜋(1−ᵆ𝑧)
be the

reproducing kernel of 𝐻2, which means that for every 𝑓 ∈ 𝐻2(𝔻), ⟨𝑓, 𝑘ᵆ⟩𝐻2 = 𝑓(𝑢). The function 𝑘ᵆ
extends to a holomorphic function inΩ for every 𝑢 ∈ ℂ∖Ω∗, and it is clear that for every 𝑢 ∈ ℂ∖(Ω∗)cl,
we have 𝑘ᵆ ∈ 𝐴2(Ω). Recall the anti-linear functional introduced previously

ℓ𝑓0(𝑝) = ⟨𝑓0, 𝑝⟩𝐻2, 𝑝 polynomial.

Polynomials being dense in 𝐴2(Ω), ℓ𝑓0 is well defined and continuous on 𝐴
2(Ω). Since 𝑘ᵆ ∈ 𝐴2(Ω)

for 𝑢 ∈ ℂ ∖ (Ω∗)cl, we can define
𝜙(𝑢) = ℓ𝑓0(𝑘ᵆ).

Now, the function 𝑢 ∈ ℂ ∖ (Ω∗)cl ↦ 𝑘ᵆ ∈ 𝐴2(Ω) is obviously anti-analytic, and so the function 𝜙
is analytic on ℂ ∖ (Ω∗)cl. Since 𝑘ᵆ is the reproducing kernel of 𝐻2, we get for |𝑢| < 1 and 𝑢 ∉ (Ω∗)cl,
𝜙(𝑢) = ℓ𝑓0(𝑢) = ⟨𝑓0, 𝑘ᵆ⟩𝐻2 = 𝑓0(𝑢). Hence, since 𝑓0 is holomorphic in 𝔻, 𝑓0 extends holomorphically
to ℂ ∖ 𝜔𝑐𝑙.

Another consequence of the continuity of ℓ𝑓0 on 𝐴
2(Ω) is the existence of 𝜓 ∈ 𝐴2(Ω) such that

ℓ𝑓0(𝑝) = ⟨𝜓, 𝑝⟩𝐴2(Ω) and hence
𝑓0(𝑢) = ℓ𝑓0(𝑘ᵆ) = ⟨𝜓, 𝑘ᵆ⟩𝐴2.

Step 2: Estimate for |𝑢| → ∞. — Since ‖𝑘ᵆ‖𝐴2(Ω) ≤ 𝐶/|𝑢| as |𝑢| →,∞, we get

|𝑓0(𝑢)| ≤ 𝐶‖ℓ𝑓0‖
1
|𝑢| .

This proves that 𝑓0 extends to∞ with 𝑓0(∞) = 0.

Step 3: Regularity. —We denote the reproducing kernel of 𝐴2(Ω) by 𝑘Ωᵆ [16, §1.1]. Recall the following
usual transformation formula of the reproducing kernel (see for instance [16, §1.3, Theorem 3])

𝑘Ω1
𝜆 (𝑧) = 𝑘Ω2

𝜑(𝜆)(𝜑(𝑧))𝜑
′(𝑧)𝜑′(𝜆), 𝑧, 𝜆 ∈ Ω1, (17)

where 𝜑∶ Ω1 → Ω2 is the conformal mapping from Ω1 to Ω2. Denoting as before by 𝔻e = {𝑧 ∈
ℂ̂, |𝑧| > 1} the outer disk, we get with 𝜑∶ 𝔻e → 𝔻, 𝜑(𝑧) = 1/𝑧, and 𝑘𝔻ᵆ (𝑧) = 1/(𝜋(1 − 𝑢𝑧)2):

𝑘𝔻e
ᵆ (𝑧) = 1

𝜋(1 − 𝑢𝑧)2
, |𝑢| > 1, |𝑧| > 1.2

We denote 𝑃𝐴2(𝔻e)∶ ℎ ∈ 𝐿2(𝔻e) → 𝐿2(𝔻e) the orthogonal projection onto 𝐴2(𝔻e), which is given by
𝑃𝐴2(𝔻e)𝑓(𝑢) = ⟨𝑓, 𝑘𝔻e

ᵆ ⟩𝐿2(𝔻e) (see [50, Lemma 2.8] for the Bergman space on the disk, but the proof is
the same for any domain).

Remark that 𝜕ᵆ𝑘ᵆ(𝑧) = 2−1𝑧𝑘𝔻e
ᵆ (𝑧). Hence, if we differentiate the formula 𝑓0(𝑢) = ⟨𝜓, 𝑘ᵆ⟩𝐴2(Ω) in

𝑢, |𝑢| > 1, we get by Lebesgue’s dominated convergence theorem

𝑓′0(𝑢) = ⟨𝜓, 𝜕ᵆ𝑘ᵆ⟩𝐴2(Ω)

= ⟨𝜓, 𝑧2𝑘
𝔻e
ᵆ ⟩

𝐴2(Ω)

= ⟨𝑧2𝜓1Ω, 𝑘
𝔻e
ᵆ ⟩

𝐿2(𝔻e)

= 𝑃𝐴2(𝔻e) (
𝑧
2𝜓1Ω) (𝑢).

The function 𝑧 ↦ 𝑧𝜓(𝑧)1Ω(𝑧) is in 𝐿2(𝔻e) because 𝜓 ∈ 𝐴2(Ω) and Ω is bounded. We deduce that
𝑓′0 ∈ 𝐴2(𝔻e).

2Observe that this is the same formula as for 𝑘𝔻𝑢 , |ᵆ| < 1.

17



Proof of theorem 1.6. Assume that 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔). By theorem 1.4, 𝑓0 extends holomorphically to
ℂ̂ ∖ 𝜔cl (theorem 1.4). Moreover, denoting again this extension by 𝑓0, we have 𝑓0(∞) = 0.

Now, assuming that 𝑓0 also extends holomorphically to𝐷(0, 1+ 𝜖), then 𝑓0 is actually holomorphic
on ℂ̂. Since 𝑓0(∞) = 0, Liouville’s theorem implies that 𝑓0 = 0.

Proof of theorem 1.5. Let 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔). According to theorem 1.4, 𝑓0 extends as a holomorphic
functions of ℂ̂ ∖ 𝜔cl such that 𝑓0(∞) = 0 and 𝑓0 ∈ 𝒟(𝔻e)

For a finite Borel measure 𝜇 on 𝕋, we denote by 𝐶𝜇 the Cauchy transform of 𝜇 defined for 𝑧 ∈ ℂ∖𝕋
by

𝐶𝜇(𝑧) = ∫
𝕋

d𝜇(𝜁)

1 − 𝜁𝑧
.

Step 1: There exists 𝑔 ∈ 𝐿2(𝕋) such that 𝑓0 = 𝐶𝑔. — (When writing 𝐶𝑔, we mean 𝐶𝜇, where d𝜇(𝑢) =
𝑔(𝑢) d𝑢/2𝜋.) Tumarkin’s theorem [10, Theorem 5.3.1] almost gives us this result. To actually get what
we want, we find it is easier to adapt the proof of Tumarkin’s theorem.

Since 𝑓0 extends analytically to ℂ̂∖𝜔cl we can write for |𝑢| < 1, 𝑓0(𝑢) = ∑𝑛≥0 𝑎𝑛𝑢
𝑛, and for |𝑢| > 1,

𝑓0(𝑢) = ∑𝑛<0 𝑎𝑛𝑢
𝑛 (there is no 𝑎0 in this latter sum because 𝑓0(∞) = 0). Since 𝑓01𝔻 = 𝑓0 ∈ 𝐻2, we

have 𝑎𝑛 = 𝑓̂0(𝑛), 𝑛 ≥ 0, so that (𝑎𝑛)𝑛≥0 ∈ ℓ2. And since 𝑓01𝔻e ∈ 𝒟, we have (√𝑛𝑎𝑛)𝑛<0 ∈ ℓ2. We
can thus define 𝑔 a.e. on 𝕋 as the 𝐿2(𝕋)-function

𝑔(𝜁) = ∑
𝑛≥0

𝑎𝑛𝜁𝑛 − ∑
𝑛<0

𝑎𝑛𝜁𝑛, for almost every |𝜁| = 1.

As in (6) we have

∫
𝕋

𝑔(𝑤)
2𝜋(1 − 𝑤𝑧)

|d𝑤| = {
𝑃+𝑔(𝑧) = ∑𝑛≥0 𝑔̂(𝑛)𝑧

𝑛 = ∑𝑛≥0 𝑎𝑛𝑧
𝑛, |𝑧| < 1,

−𝑃−𝑔(𝑧) = −∑𝑛>0
𝑔̂(−𝑛)
𝑧𝑛 = ∑𝑛>0

𝑎−𝑛
𝑧𝑛 , |𝑧| > 1,

which shows that 𝑓0 = 𝐶𝑔 on ℂ̂ ∖ 𝜔cl, and in particular 𝑓0 = 𝑃+𝑔 in 𝔻.

Step 2: supp(𝑔) ⊂ 𝜔cl. — According to Fatou’s jump theorem [10, Corollary 2.4.2], for almost every
𝑢 ∈ 𝕋,

𝑔(𝑢) = lim
𝑟→1−

(𝐶𝑔(𝑟𝑢) − 𝐶𝑔(𝑢/𝑟)) = lim
𝑟→1−

(𝑓0(𝑟𝑢) − 𝑓0(𝑢/𝑟)).

But 𝑓0 is holomorphic outside 𝜔cl. Hence, if 𝑢 ∈ 𝕋 ∖ 𝜔cl, the above limit is 0, hence supp 𝑔 ⊂ 𝜔cl.

We next prove theorem 1.7. This will be a consequence of a necessary and sufficient condition
related to pseudo-Carleson measures (see theorem 2.5 below). We will first need some notation.
We refer to fig. 4 for the following construction. We denote the endpoints of 𝜔 by 𝜁1 and 𝜁2. Let
0 < 𝜂 < 𝜂0 < 𝑇 and pick 𝜔0 an arc compactly contained in 𝜔 with endpoints 𝜁′1 and 𝜁′2 having same
center as 𝜔. In order to avoid pathological situations, we will assume that 𝜁′𝑘 is sufficiently close to 𝜁𝑘
(for instance 𝜂0𝜋/8 ≤ |𝜁′𝑘 − 𝜁𝑘| ≤ 𝜂0𝜋/4). Introduce the segments Γ𝑘 = [𝜁𝑘, 𝑒𝜂0𝜁′𝑘], 𝑘 = 1, 2, and define
Γ𝑘,𝜂 to be the part of Γ𝑘 in |𝑧| ≥ (1 + 𝜂). We also let 𝜔𝜂 to be the arc in (1 + 𝜂)𝕋 comprised between the
segments Γ1 and Γ2. Define Ω̃𝜂 as the set bounded by 𝜔𝜂, Γ1,𝜂, Γ0 ≔ 𝜔𝜂0 and Γ2,𝜂. In particular

𝜕Ω̃𝜂 = 𝜔𝜂 ∪ Γ1,𝜂 ∪ Γ0 ∪ Γ2,𝜂.

In view of a future application of Stokes’ theorem we note that Ω̃𝜂 has regular boundary (in the sense
of [4, Définition 2.3.1]). Observe also that Γ0 is at a uniform distance from 𝜕Ω∗

𝑇.
We also let Ω̃ = ⋃0<𝜂<𝜂0

Ω̃𝜂. Hence

𝜕Ω̃ = 𝜔 ∪ Γ1 ∪ Γ0 ∪ Γ2.
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𝜁2 𝜁1

Γ1

e𝜂0𝜁′1

Γ0

Γ2

e𝜂0𝜁′2

𝜔0
𝜁′2 𝜁′1

Ω̃ 𝜔𝜂
Ω̃𝜂

Figure 4: Left figure: illustration of Ω̃ (in green), withΩ in red, the paths Γ𝑖 (𝑖 = 0, 1, 2) and the points 𝜁′𝑖 and e
𝜂0𝜁′𝑖

(𝑖 = 1, 2). Right figure: illustration of Ω̃𝜂 (in green) and the path 𝜔𝜂.

Theorem 2.5. The function 𝑓0 ∈ 𝐻2 is in𝒩𝒞𝐻2(𝜔) if and only if there exists 𝑔 ∈ 𝐿2(𝕋), such that

1. 𝑓0 = 𝑃+𝑔,

2. supp 𝑔 ⊂ 𝜔cl,

3. ∑
𝑛<0

|𝑛||𝑔̂(𝑛)|2 < +∞,

4. Denoting by 𝐺 the harmonic extension of 𝜁 → 𝜁𝑔(𝜁) to 𝔻𝑒 the measure 𝐺 d𝜁 on Γ1 ∪ Γ2 is pseudo-
Carleson for 𝐴2(Ω), i.e.

||||
∫
Γ1∪Γ2

𝐺(𝜁)𝑝(𝜁) d𝜁
||||
≲ ‖𝑝‖𝐴2(Ω). (18)

As we will see in the proof, 𝐺(𝑧) = 𝑔1(1/𝑧) + 𝑔2(𝑧), |𝑧| > 1, with 𝑔2 ∈ 𝒟(𝔻e) and 𝑔1 ∈ 𝐻2. In
particular, 𝐺 can be written as 𝐺(𝑧) = ∑𝑛≥0𝐺𝑛𝑧

−𝑛 +∑𝑛<0𝐺𝑛𝑧
−|𝑛| for some (𝐺𝑛)𝑛∈ℤ ∈ ℓ2(ℤ). Let

us show that this implies that the integral on the left hand side of (18) is well defined. By rotation,
we can assume without loss of generality that Γ𝑖 is a path of the form 𝑠 ∈ (0, 𝜖) ↦ 1 + 𝑠ei𝜃, for some
𝜃 ∈ (−𝜋/2, 𝜋/2). Thanks to Fubini’s theorem,

||∫
Γ𝑖

𝐺(𝜁)𝑝(𝜁) d𝜁|| = ||∫
Γ𝑖
(∑
𝑛≥0

𝐺𝑛𝜁−𝑛 + ∑
𝑛<0

𝐺𝑛𝜁
−|𝑛|

)𝑝(𝜁) d𝜁||

≲ ∑
𝑛∈ℤ

∫
𝜖

0
|𝐺𝑛||1 + 𝑠ei𝜃|−|𝑛|‖𝑝‖∞,𝔻 d𝑠

≲ ∑
𝑛∈ℤ

∫
𝜖

0
|𝐺𝑛|(1 + 𝑐𝜃𝑠)−|𝑛|‖𝑝‖∞,𝔻 d𝑠

≲ ‖𝑝‖∞,𝔻 ∑
𝑛∈ℤ

|𝐺𝑛|
|𝑛| + 1

≲ ‖𝑝‖∞,𝔻( ∑
𝑛∈ℤ

1
(|𝑛| + 1)2 )

1/2
( ∑
𝑛∈ℤ

|𝐺𝑛|2)
1/2
.

In particular, we have

∫
Γ1∪Γ2

𝐺(𝜁)𝑝(𝜁) d𝜁 = lim
𝜂→0

∫
Γ1,𝜂∪Γ2,𝜂

𝐺(𝜁)𝑝(𝜁) d𝜁.
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Proof. Step 1: Poisson kernel on 𝔻e. — Let 𝑃𝑒[ℎ] be the harmonic extension (Poisson integral) of a
function ℎ ∈ 𝐿2(𝕋) to the outer disk 𝔻e (see for instance [5, Theorem 4.11]):

𝑃𝑒[ℎ](𝑧) = 1
2𝜋 ∫

𝕋
𝑃𝑒(𝑧, 𝜁)ℎ(𝜁)|d𝜁|, |𝑧| > 1,

where
𝑃𝑒(𝑧, 𝜁) =

|𝑧|2 − 1
|𝑧 − 𝜁|2

, |𝜁| = 1, |𝑧| > 1.

Keeping in mind that for |𝜁| = 1, ℎ(𝜁) = ∑𝑛 ℎ̂(𝑛)𝜁
𝑛, we claim that,

𝑃𝑒[ℎ](𝑧) = ∑
𝑛≥0

ℎ̂(𝑛) 1
𝑧𝑛

+ ∑
𝑛>0

ℎ̂(−𝑛) 1𝑧𝑛 .

Indeed, an elementary computation shows that 𝑃𝑒(𝑧, ei𝑡) = 1 + ∑𝑛>0 𝑧
−𝑛ei𝑛𝑡 + 𝑧−𝑛e−i𝑛𝑡, and a

computation using the orthogonality of the complex exponentials gives the claimed formula.

Step 2: Use of Stokes’ formula. — Consider now 𝑔(𝜁) = ∑𝑛∈ℤ 𝑔̂(𝑛)𝜁
𝑛 ∈ 𝐿2(𝕋). We denote for |𝑧| > 1,

𝑔1(𝑧) = ∑𝑛≥0 𝑔̂(𝑛)𝑧
−𝑛 that is anti-holomorphic and 𝑔2(𝑧) = ∑𝑛>0 𝑔̂(−𝑛)𝑧

−𝑛 that is holomorphic.
In our argument below we need to consider 𝑧𝑔 rather than 𝑔 (this will be needed in the change of
variable d𝑧 = i𝑧 d𝑡 for 𝑧 = 𝑐ei𝑡, where 𝑐 is a suitable constant), but clearly this does not affect our
decomposition and we can actually write for 𝜁 ∈ 𝕋, 𝜁𝑔(𝜁) = 𝑔1(𝜁)+𝑔2(𝜁)with the same form as above
(it is just a shift of indices).

Now, set 𝐺 = 𝑃𝑒[𝑧𝑔] and let us apply Stokes’ formula to the form 𝑤 = 𝐺𝑝 d𝑧 on the domain Ω̃𝜂.
Since Ω̃𝜂 is compactly contained in 𝔻e, all the functions 𝑔, 𝑔1, 𝑔2 are 𝐶∞ on this domain and we can
apply Stokes’ formula there.

∫
𝜕Ω̃𝜂

𝑤(𝑧) = ∫
Ω̃𝜂

d𝑤(𝑧) = ∫
Ω̃𝜂

𝜕𝑧(𝑃𝑒[𝑧𝑔]𝑝) d𝑧 ∧ d𝑧 = 2i∫
Ω̃𝜂

𝑔′2𝑝 d𝐴(𝑧). (19)

Observe that the anti-analytic function 𝑔1(𝑧) disappears when differentiating in 𝑧.
Decomposing 𝜕Ω̃𝜂 this gives

∫
𝜕Ω̃𝜂

𝑤(𝑧) = ∫
𝜔𝜂

𝐺(𝑧)𝑝(𝑧) d𝑧 +∫
Γ1,𝜂∪Γ2,𝜂

𝐺(𝑧)𝑝(𝑧)d𝑧 +∫
Γ0
𝐺(𝑧)𝑝(𝑧)d𝑧 = ∫

Ω̃𝜂

𝑔′2(𝑧)𝑝(𝑧) d𝐴(𝑧).

Step 3: Convergence of the integral for 𝜂 → 0. — Let us show that if 𝑔′2 ∈ 𝒟(𝔻e), then

∫
𝜕Ω̃

𝐺(𝑧)𝑝(𝑧) d𝑧 = 2i∫
Ω̃
𝑔′2(𝑧)𝑝(𝑧) d𝐴(𝑧). (20)

Recall that 𝑔′2 ∈ 𝐿2(𝔻e) if and only if ∑𝑛<0 |𝑛||𝑔̂(𝑛)|
2 < +∞.

Considering the right-hand side, we assumed that 𝑔′2 ∈ 𝐿2(𝔻e), hence, according to Lebesgue’s
dominated convergence theorem,

∫
Ω̃𝜂

𝑔′2(𝑧)𝑝(𝑧) d𝐴(𝑧) −−−→𝜂→0
∫
Ω̃
𝑔′2(𝑧)𝑝(𝑧) d𝐴(𝑧).

To treat the left-hand side, we start with Fubini’s theorem:

∫
𝜔𝜂

𝐺(𝑧)𝑝(𝑧) d𝑧 = ∫
𝜔𝜂

∫
𝕋

|𝑧|2 − 1
|𝑧 − 𝜁|2

𝜁𝑔(𝜁)|d𝜁|𝑝(𝑧) d𝑧 = ∫
𝕋
𝜁𝑔(𝜁)∫

𝜔𝜂

|𝑧|2 − 1
|𝑧 − 𝜁|2

𝑝(𝑧) d𝑧|d𝜁|.
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Let now 𝜔̃𝜂 be the projection of 𝜔𝜂 onto 𝕋 (this is actually the intersection of the convex hull of 0 and
𝜔𝜂 with 𝕋). Then, with the change of variable 𝑧 = (1 + 𝜂)ei𝑡, so that d𝑧 = (1 + 𝜂)iei𝑡 d𝑡 = i𝑧 d𝑡, and
𝜁 = ei𝑠, we get

𝜑𝜂(𝜁) ≔ ∫
𝜔𝜂

|𝑧|2 − 1
|𝑧 − 𝜁|2

𝑝(𝑧) d𝑧 = ∫
𝜔̃𝜂

(1 + 𝜂)2 − 1
|(1 + 𝜂)ei(𝑡−𝑠) − 1|2

(1+ 𝜂)iei𝑡𝑝((1+ 𝜂)ei𝑡) d𝑡 → {
i𝜁𝑝(𝜁) 𝜁 ∈ 𝜔,
0 𝜁 ∉ 𝜔cl.

Indeed, it is clear that if 𝜁 = ei𝑠 ∉ 𝜔cl, then the Poisson kernel goes uniformly to 0 on 𝜔̃𝜂. When
𝜁 = ei𝑠 ∈ 𝜔, then for a sufficiently small 𝜂 > 0, we have 𝜁 ∈ 𝜔̃𝜂. Since the Poisson kernel is an
approximate identity, it will concentrate in a neighborhood of 𝜁 when 𝜂 → 0, so that in this case, the
integral will converge to i𝜁𝑝(𝜁) (note that this function is a polynomial). Morever,

|𝜑𝜂(𝜁)| = ||∫
𝜔𝜂

|𝑧|2 − 1
|𝑧 − 𝜁|2

𝑝(𝑧) d𝑧|| ≲ sup
𝑧∈𝜔𝜂

|𝑝(𝑧)|∫
𝜔𝜂

|𝑧|2 − 1
|𝑧 − 𝜁|2

|d𝑧| ≤ ‖𝑝‖∞,𝕋∫
𝕋

|𝑧|2 − 1
|𝑧 − 𝜁|2

|d𝑧| = ‖𝑝‖∞,𝕋,

so that Lebesgue’s dominated convergence theorem yields

lim
𝜂→0

∫
𝜔𝜂

𝐺(𝑧)𝑝(𝑧) d𝑧 = ∫
𝜔
𝑔(𝜁)𝑝(𝜁)|d𝜁|. (21)

Together with Stokes’ formula (19), we get the desired formula eq. (20).
Step 4: Necessary condition. — We already know from theorem 1.5 that the conditions 1.–3. are
necessary. Let 𝑔 be given by theorem 1.5 and 𝐺 = 𝑃𝑒[𝑧𝑔]. The preceding equality yields

||∫
Γ1∪Γ2

𝐺(𝑧)𝑝(𝑧) d𝑧|| ≤ ||∫
𝜔
𝐺(𝑧)𝑝(𝑧) d𝑧|| + ||∫

Γ0
𝐺(𝑧)𝑝(𝑧) d𝑧|| + ||∫

Ω̃
𝑔′2(𝑧)𝑝(𝑧) d𝐴(𝑧)||. (22)

Since 𝑔2 ∈ 𝒟(𝔻e), the Cauchy-Schwarz inequality yields

||∫
Ω̃
𝑔′2(𝑧)𝑝(𝑧) d𝐴(𝑧)|| ≤ ‖𝑔2‖𝒟(𝔻e)‖𝑝‖𝐴2(Ω).

Recall that the norm of the point evaluation in 𝐴2(Ω) is essentially controlled by the inverse of
the distance to the boundary [11, Chapter 18, Proposition 1.3]. Since Γ0 is compactly contained in Ω
hence 𝑔 is uniformly bounded on Γ0, and the integral on Γ0 is controlled by ‖𝑝‖𝐴2(Ω).

By the assumption that 𝑓0 is null-controllable, the modulus of the integral on 𝜔 in eq. (22) is
controlled by ‖𝑝‖𝐴2(Ω). Hence, eq. (22) shows that for every polynomial 𝑝,

||∫
Γ1∪Γ2

𝐺(𝑧)𝑝(𝑧) d𝑧|| ≲ ‖𝑝‖𝐴2(Ω).

Step 5: Sufficient condition. — Suppose 𝑓0 satisfies the 4 conditions of the theorem. Stokes’ formula
(eq. (20)) yields

||∫
𝜔𝜂

𝐺(𝑧)𝑝(𝑧) d𝑧|| ≤ ||∫
Γ1,𝜂∪Γ2,𝜂

𝐺(𝑧)𝑝(𝑧) d𝑧|| + ||∫
Γ0
𝐺(𝑧)𝑝(𝑧) d𝑧|| + ||∫

Ω̃𝜂

𝑔′2𝑝 d𝐴(𝑧)||.

The last two terms are again controlled by ‖𝑝‖𝐴2(Ω) using the same arguments as in the necessary
condition (note that 𝑔 ∈ 𝐻2 +𝒟(𝔻e) is our standing hypothesis). Moreover, we have by assumption
| ∫Γ1∪Γ2 𝐺(𝑧)𝑝(𝑧) d𝑧| ≲ ‖𝑝‖𝐴2(Ω), from where we deduce that

||∫
𝜔
𝑔(ei𝑡)𝑝(ei𝑡) d𝑡|| ≲ ‖𝑝‖𝐴2(Ω).

showing that 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔).
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We are now in a position to prove Theorem 1.7.

Proof of theorem 1.7. For this, it is enough to estimate the integral condition of theorem 2.5 on Γ1 ∪ Γ2
under the assumption

∫
𝕋

|𝑔(ei𝑡)|2

|(ei𝑡 − 𝜁1)(ei𝑡 − 𝜁2)|
d𝑡 < ∞. (23)

It is clearly enough to check that

∫
Γ1
|𝐺(𝑧)𝑝(𝑧)||d𝑧| ≲ ‖𝑝‖𝐴2(Ω).

Let us parameterize Γ1. In order to simplify the argument we assume that 𝜔 starts at 𝜁 = 1 and that
the segment Γ1 takes the direction (1 + 𝑖). Then a parametrization is given by 𝛾(𝑠) = 1 + 𝑠(1 + 𝑖),
𝑠 ∈ [0, 𝛿0] (we assume that 𝜁1 is the lower left corner of Ω, and so Γ1 moves north-east). In particular
|d𝑧| = √2 d𝑠. By the Cauchy-Schwarz inequality, we have

∫
Γ1
|𝐺(𝑧)𝑝(𝑧)||d𝑧| ≲ (∫

𝛿0

0

|𝐺(𝛾(𝑠))|2

𝑠 d𝑠)
1/2

(∫
𝛿0

0
𝑠|𝑝(𝛾(𝑠))|2 d𝑠)

1/2

.

We claim that the second term translates to a Carleson measure result. Indeed, setting d𝜇(𝑧) =
𝑠 dΓ1(𝛾(𝑠)), where dΓ1 is arclength measure on Γ1, it is enough to check that d𝜇 is a Carleson measure
for 𝐴2(Ω). For this, using a result by Gonzalez [22], we have to check that 𝜇(𝐵(𝑧, 𝑟)) ≲ 𝑟2 for Whitney
balls inΩ𝑇, which are balls having a radius which is less than one half the distance of 𝑧 to the boundary
of Ω𝑇 but still is comparable to that distance. Clearly, in the worst case such a ball contains Γ1 as a
diameter, in which case ∫𝐵(𝑧,𝑟)∩Γ1 𝑠 d𝑠 ≍ 𝑟2.

In order to finish the proof we thus have to estimate the first term. By Jensen’s inequality, we have

|𝐺(𝛾(𝑠))|2 = (∫
𝕋

|𝛾(𝑠)|2 − 1
|𝛾(𝑠) − ei𝑡|2

𝑔(ei𝑡) d𝑡)
2

≲ ∫
𝕋

|𝛾(𝑠)|2 − 1
|𝛾(𝑠) − ei𝑡|2

|𝑔(ei𝑡)|2 d𝑡.

Now, letting 𝐿 be the length of 𝜔 (which we had chosen to start at 𝜁1 = 1), and since for 𝑧 = 𝛾(𝑠) ∈ Γ1
we have |𝑧|2 − 1 ≍ 𝑠 and |ei𝑡 − 𝑧|2 ≍ (𝑠 − 𝑡)2 + 𝑠2, an application of Fubini’s theorem gives

∫
𝛿0

0

|𝐺(𝛾(𝑠))|2

𝑠 d𝑠 ≲ ∫
𝐿

0
|𝑔(ei𝑡)|2∫

𝛿0

0

1
(𝑠 − 𝑡)2 + 𝑠2

d𝑠 d𝑡. (24)

Observing that∫𝛿0
0

1
(𝑠−𝑡)2+𝑠2

d𝑠 = 1
2
∫𝛿0
0

1
(𝑠−𝑡/2)2+𝑡2/4

d𝑠, by a change of variables and standard estimates
we control this integral by 𝐶/𝑡 (starting from the last integral, one can reach this estimate also by
reinterpreting this integral, after multiplication by 𝑡/2, as a Poisson integral). By (23) we obtain the
required control on the piece Γ1, and similarly on Γ2.

To prove that𝒩𝒞𝐻2(𝜔) is dense, we will use the fact that 𝑃+ is self-adjoint on𝑊 𝑘,2(𝕋). Recall also
that 𝐻2 ∩𝑊 𝑘,2(𝕋) is endowed with the𝑊 𝑘,2 scalar product given by

⟨𝑓, 𝑔⟩𝑊𝑘,2(𝕋) ≔ ∑
𝑛∈ℤ

(1 + 𝑛2)𝑘𝑓̂(𝑛)𝑔̂(𝑛).

We will also use the following
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𝜔

𝜁 𝛾+

𝛾𝜖

Figure 5: Illustration of the paths 𝛾𝜖 and 𝛾+. They are used in the proof of theorem 2.6 to prove with Morera’s theorem
that the function𝐻(𝑧) = 𝑓(𝑧) if |𝑧| < 1 and𝐻(𝑧) = ℎ(𝑧) if |𝑧| ≥ 1 and 𝑧 ∉ (−∞,0] is holomorphic.

Lemma 2.6. Let 𝑘 ∈ ℕ. Let 𝑓 ∈ 𝐻2 ∩𝑊 𝑘,2(𝕋). Assume that

∀𝑔 ∈ 𝐶∞
𝑐 (𝜔), ⟨𝑓, 𝑔⟩𝑊𝑘,2(𝕋) = 0.

Then 𝑓 = 0.

Proof. In this proof, it is useful to distinguish the maps 𝑧 ∈ 𝔻 ↦ 𝑓(𝑧) and 𝑓∶ 𝑥 ∈ ℝ ↦ 𝑓(ei𝑥). In
the same vein, we define 𝜔 ⊂ [−𝜋, 𝜋] by 𝜔 = {ei𝑥, 𝑥 ∈ 𝜔}. Up to a rotation, we may assume that
−1 ∉ 𝜔cl, in which case 𝜔 is an interval of [−𝜋, 𝜋].

Step 1: 𝑓(𝑥) is a linear combination of 𝑥ℓe±𝑥 (0 ≤ ℓ < 𝑘) on 𝜔. — Indeed, if 𝑔 ∈ 𝐶∞
𝑐 (𝜔), the𝑊 𝑘,2

scalar product can be written as

⟨𝑓, 𝑔⟩𝑊𝑘,2(𝕋) = ⟨(𝐼 − 𝜕2𝑥)𝑘𝑓, ̃𝑔⟩𝑊−𝑘,2(−𝜋,𝜋),𝑊𝑘,2
0 (−𝜋,𝜋).

If this is 0 for every 𝑔 ∈ 𝐶∞
𝑐 (𝜔) (i.e., for every ̃𝑔 ∈ 𝐶∞

𝑐 (𝜔)), this means that (𝐼 − 𝜕2𝑥)𝑘𝑓 = 0 on 𝜔 (by
definition in the distribution sense). The functions 𝑥 ↦ 𝑥ℓe±𝑥 for 0 ≤ ℓ < 𝑘 are a basis of solutions
of this ODE, hence there exists (𝑎±ℓ )ℓ such that ∀𝑥 ∈ 𝜔,

𝑓(𝑥) = ∑
0≤ℓ<𝑘

iℓ𝑥ℓ(𝑎+ℓ e−𝑥 + 𝑎−ℓ e𝑥). (25)

The iℓ is only here to simplify the notations in the following.

Step 2: Extension of the formula (25) to a larger domain. —We can define the holomorphic function ℎ
on ℂ ∖ (−∞, 0] by

ℎ(𝑧) ≔ ∑
0≤ℓ<𝑘

(ln(𝑧))ℓ(𝑎+ℓ 𝑧i + 𝑎−ℓ 𝑧−i). (26)

Since 𝑓(𝑥) = 𝑓(ei𝑥), setting 𝑧 = ei𝑥, we can identify i𝑥 = ln(𝑧) and e−𝑥 = 𝑧i. Hence, by direct
inspection, we see that the non-tangential limits of 𝑓 on 𝜔 coincide with the values of ℎ on 𝜔.
This implies that 𝑓 extends ℎ through 𝜔 inside 𝔻. To see this, one can for instance use Morera’s
theorem. Define 𝐻(𝑧) = 𝑓(𝑧) if |𝑧| < 1 and 𝐻(𝑧) = ℎ(𝑧) for |𝑧| ≥ 1, 𝑧 ∉ (−∞, 0]. For 𝜁 ∈ 𝜔, let
𝐷𝜁 be a circle centered at 𝜁 such that 𝐷𝜁 ∩ 𝕋 ⊂ 𝜔, and define 𝛾 = 𝜕𝐷𝜁. For every 𝜖 > 0, we let
𝛾𝜖 = (𝛾 ∩ (1 − 𝜖)𝔻cl) ∪ ((1 − 𝜖)𝕋 ∩ 𝐷𝜁) (see fig. 5). Define also 𝛾+ = 𝜕(𝐷𝜁 ∩ 𝔻e

cl). Since 𝑓 ∈ 𝐻(𝔻)
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and ℎ ∈ 𝐻(𝔻e), ∫𝛾𝜖 𝐻(𝑧) d𝑧 = ∫𝛾𝜖 𝑓(𝑧) d𝑧 = 0, and ∫𝛾+ 𝐻(𝑧) d𝑧 = ∫𝛾+ 𝑔(𝑧) d𝑧 = 0. Moreover, 𝑓 ∈ 𝐻2

implies that

∫
(1−𝜖)𝕋∩𝐷𝜁

𝐻(𝑧) d𝑧 = ∫
(1−𝜖)𝕋∩𝐷𝜁

𝑓(𝑧) d𝑧 −−−→
𝜖→0

∫
𝐷𝜁∩𝕋

𝑓(𝑧) d𝑧 = ∫
𝐷𝜁∩𝕋

𝐻(𝑧) d𝑧.

Hence

∫
𝛾
𝐻(𝑧) d𝑧 = lim

𝜖→0
(∫

𝛾𝜖
𝐻(𝑧) d𝑧 +∫

𝛾+
𝐻(𝑧) d𝑧) = 0.

As a result, 𝐻 is holomorphic in ℂ ∖ (−∞, 0], and hence 𝑓(𝑧) = ℎ(𝑧), 𝑧 ∈ 𝔻 ∖ (−1, 0].

Step 3: Conclusion using the holomorphy of 𝑓. —We have proved that 𝑓 = ℎ. But 𝑓 ∈ 𝐻2, and as such,
is holomorphic on 𝔻, while the definition of ℎ (26) involves functions with a cut along ℝ−. The aim is
to prove that all the coefficients in (26) are zero by using that for all 0 < 𝑟 < 1, ℎ(−𝑟+ i0) = ℎ(−𝑟− i0).

Assume that at least one of the 𝑎±ℓ ≠ 0 and set ℓ0 the largest ℓ such that (𝑎+ℓ , 𝑎−ℓ ) ≠ (0, 0). For
0 < 𝑟 < 1,

ℎ(−𝑟 ± i0) = lim
𝜖→0+

ℎ(−𝑟 ± i𝜖) = ∑
0≤ℓ<𝑘

(ln(𝑟) ± i𝜋)ℓ (𝑎+ℓ ei ln(𝑟)∓𝜋 + 𝑎−ℓ e−i ln(𝑟)±𝜋) .

Setting 𝑟 = e𝑠 and taking 𝑠 → −∞, we write this as

ℎ(−e𝑠 ± i0) = (𝑠 ± i𝜋)ℓ0 (𝑎+ℓ0e
i𝑠∓𝜋 + 𝑎−ℓ0e

−i𝑠+±𝜋) + 𝑂(𝑠ℓ0−1)

= 𝑠ℓ0 (𝑎+ℓ0e
i𝑠∓𝜋 + 𝑎−ℓ0e

−i𝑠+±𝜋) + 𝑂(𝑠ℓ0−1).

But 𝑓 = ℎ is supposed to be holomorphic on 𝔻. Hence, for 𝑠 < 0, ℎ(−e𝑠 + i0) = ℎ(−e𝑠 − i0). In
particular,

0 = ℎ(−e𝑠 + i0) − ℎ(−e𝑠 − i0)

= 𝑠ℓ02 sinh(𝜋) (−𝑎+ℓ0e
i𝑠 + 𝑎−ℓ0e

−i𝑠) + 𝑂(𝑠ℓ0−1).

This is only possible if
−𝑎+ℓ0e

i𝑠 + 𝑎−ℓ0e
−i𝑠 −−−−→

𝑠→−∞
0.

This is in turn only possible if 𝑎+ℓ0 = 𝑎−ℓ0 = 0, a contradiction with (𝑎+ℓ0, 𝑎
−
ℓ0) ≠ (0, 0).

By contradiction, all the 𝑎±ℓ are 0, hence 𝑓 = ℎ = 0.

With this proposition, we can easily prove that𝒩𝒞𝐻2(𝜔) is dense:

Proof of theorem 1.8. Let ℎ ∈ (𝒩𝒞𝐻2(𝜔)∩𝑊 𝑘,2(𝕋))⊥ (orthogonal in𝐻2∩𝑊 𝑘,2(𝕋)). Every 𝑔 ∈ 𝐶∞
𝑐 (𝜔)

satisfies the hypothesis of our sufficient condition (theorem 1.7) so that 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔), and hence

0 = ⟨ℎ, 𝑃+𝑔⟩𝑊𝑘,2(𝕋) = ⟨ℎ, 𝑔⟩𝑊𝑘,2(𝕋).

Thus, according to theorem 2.6 ℎ = 0. This proves that𝒩𝒞𝐻2(𝜔)⊥ = {0}.

Finally, let us prove the necessary and sufficient conditions for𝑊 1/2,2 initial states.
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Proof of theorem 1.9. Step 1: Direct implication. — Let 𝑓0 ∈ 𝒩𝒞𝐻2(𝜔) ∩ 𝑊 1/2,2(𝕋). According to the
necessary condition of theorem 1.5, there exists 𝑔 ∈ 𝐿2(𝕋) such that 𝑓0 = 𝑃+𝑔, supp 𝑔 ⊂ 𝜔cl and
∑𝑛<0 |𝑛||𝑔̂(𝑛)|

2 < +∞. Since 𝑓0 = 𝑃+𝑔 ∈ 𝑊 1/2,2(𝕋) by hypothesis, we also have∑𝑛≥0 |𝑛||𝑔̂(𝑛)|
2 <

+∞, thus 𝑔 ∈ 𝑊 1/2,2(𝕋).

Step 2: Reciprocal implication. —Let 𝑔 ∈ 𝑊 1/2,2(𝕋)with supp 𝑔 ⊂ 𝜔cl. Of course, 𝑃+𝑔 ∈ 𝐻2∩𝑊 1/2,2(𝕋).
Let us prove 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔).

By definition, 𝑔 ∈ 𝑊 1/2,2
00 (𝜔) [32, Definition 1.85]. Hence, ∫𝕋

|𝑓(𝜁)|2

|(𝜁−𝜁1)(𝜁−𝜁2)|
|d𝜁| < ∞ (see, e.g., [32,

Theorem 1.87] for the analog property for𝑊 1/2,2
00 (ℝ+), and use some partition of unity).

Thus, according to our sufficient condition (theorem 1.7), 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔).

The reciprocal implication can also be shown without theorem 1.7 in the following way. Consider
̃𝑔∶ 𝜕Ω → ℂ defined by ̃𝑔 = 𝑔 on 𝜔, ̃𝑔 = 0 on 𝜕Ω ∖ 𝜔. Since 𝑔 ∈ 𝑊 1/2,2

00 (𝜔), ̃𝑔 ∈ 𝑊 1/2,2(𝜕Ω). Hence,
there exists ℎ ∈ 𝑊 1,2(Ω) such that the trace of ℎ on 𝜕Ω is ̃𝑔 [33, Theorem 18.40]. Then, we can solve
the Dirichlet problem (in the sense of distributions) −Δ𝑢 = Δℎ on Ω, 𝑢 ∈ 𝑊 1,2

0 (Ω). Notice that
𝑣 = 𝑢 + ℎ is the solution of Δ𝑣 = 0 on Ω, 𝑣 = ̃𝑔 on 𝜕Ω. Since 𝑣 ∈ 𝑊 1,2(Ω) a use of Stokes formula
will give the result (see section 2.4.1 for more details).

2.4 Characterization thanks to the Poisson kernel
We will now prove the necessary and sufficient condition of theorem 1.10. We start presenting the
main idea before giving a rigorous proof.

2.4.1 Formal argument

The main idea of the proof is essentially the same as in the proof of theorem 2.5 and based on Stokes’
formula (19). Now, instead of extending 𝑧𝑔 harmonically to 𝔻e we use harmonic extension to Ω. Let
𝑔 ∈ 𝐿2(𝕋) with supp 𝑔 ⊂ 𝜔cl. As in the rest of the article, we consider Ω = Ω𝑇 as defined in fig. 1. We
denote by 𝑢 the solution of (see section B and theorem B.3 for the proper definition):

{
Δ𝑢(𝑧) = 0, 𝑧 ∈ Ω
𝑢(𝑧) = 𝑧𝑔(𝑧), 𝑧 ∈ 𝜔
𝑢(𝑧) = 0, 𝑧 ∈ 𝜕Ω ∖ 𝜔.

Here and in the following, 𝑧𝑔 is just the function 𝑧 ↦ 𝑧𝑔(𝑧). Let 𝑝 ∈ ℂ[𝑋]. Since 𝑃+ is self adjoint on
𝐿2(𝕋) and 𝑝 ∈ 𝐻2,

⟨𝑝, 𝑃+𝑔⟩𝐻2 = ⟨𝑝, 𝑔⟩𝐻2

= ∫
𝜔
𝑝(𝑧)𝑔(𝑧)|d𝑧| (supp 𝑔 ⊂ 𝜔cl)

= ∫
𝜔
𝑧𝑝(𝑧)𝑧𝑔(𝑧)|d𝑧| (|𝑧|2 = 1 on 𝜔)

= −i∫
𝜔
𝑝(𝑧)𝑧𝑔(𝑧) d𝑧 (on 𝜔, d𝑧 = i𝑧|d𝑧|)

= −i∫
𝜕Ω

𝑝(𝑧)𝑢(𝑧) d𝑧 (boundary values of 𝑢).
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Consider the differential form 𝜔 = 𝑝(𝑧)𝑢(𝑧) d𝑧 (where 𝑢 is now the harmonic extension to Ω instead
of 𝐺 = 𝑃𝑒[𝑧𝑔] appearing in (19)), an application of Stokes formula gives formally:

⟨𝑝, 𝑃+𝑔⟩𝐻2 = −i∫
Ω
𝜕𝑧(𝑝(𝑧)𝑢(𝑧)) d𝑧 ∧ d𝑧

= 2∫
Ω
𝑝(𝑧)𝜕𝑧𝑢(𝑧) d𝐴(𝑧) (𝜕𝑧(𝑝) = 0).

Hence, if we want to estimate the left-hand side by ‖𝑝‖𝐿2(Ω), it should be necessary and sufficient to
have 𝜕𝑧𝑢 ∈ 𝐿2(Ω).

2.4.2 Rigorous proof

If we assume 𝜕𝑧𝑢 ∈ 𝐿2(Ω), we can justify the computation above by approximating Ω by a smooth
subdomain (see section B and theorem B.5). Hence, the sufficient part of theorem 1.10 is proved.

However, the proof of the necessary part of theorem 1.10 will require additional ideas. The
observability inequality (theorem 1.2) allows us to define 𝜓𝑔 by:

Definition 2.7. Let 𝑔 ∈ 𝐿2(𝕋) with supp 𝑔 ⊂ 𝜔cl. If 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔), we denote by 𝜓𝑔 the unique
function in 𝐴2(Ω) such that

∀𝑝 ∈ ℂ[𝑋], ⟨𝑝, 𝑃+𝑔⟩𝐻2 = ∫
Ω
𝑝(𝑧)𝜓𝑔(𝑧) d𝐴(𝑧).

If 𝑔 is regular enough, we can explicitely identify 𝜓𝑔:

Proposition 2.8. If 𝑔 ∈ 𝐶∞
𝑐 (𝜔) with 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔), then 𝜓𝑔 = 2𝜕𝑧𝑃Ω(𝑧𝑔).

Proof. If 𝑔 ∈ 𝐶∞
𝑐 (𝜔) and 𝑔 is extended by 0 on 𝜕Ω∖𝜔, standard elliptic regularity methods tell us that

𝑃Ω𝑔 ∈ 𝑊 1,2(Ω) (see theorem B.4 for a proof relying on the Riemann map), and this is also true for
𝑃Ω(𝑧𝑔) since 𝑧𝑔 has the same regularity as 𝑔. Hence, 𝜕𝑧𝑃Ω(𝑧𝑔) ∈ 𝐿2(Ω) and we can apply the Stokes
formula of theorem B.5. As in section 2.4.1, we get

⟨𝑝, 𝑃+𝑔⟩𝐻2 = ⟨𝑝, 𝑔⟩𝐻2

= 2∫
Ω
𝑝(𝑧)𝜕𝑧𝑃Ω(𝑧𝑔)(𝑧) d𝐴(𝑧).

Finally, since 𝑃Ω(𝑧𝑔) is harmonic and since Ω is simply connected, 𝑃Ω(𝑧𝑔) can be written as a
sum of a holomorphic and an anti-holomorphic function, say 𝑃Ω(𝑧𝑔) = 𝑓1 + 𝑓2. Since 𝑓2 is anti-
holomorphic, 𝜕𝑧𝑓2 = 0. Hence, 𝜕𝑧𝑃Ω(𝑧𝑔) = 𝑓′1 is holomorphic. Since we have already proved that
𝜕𝑧𝑃Ω(𝑧𝑔) ∈ 𝐿2(Ω), it follows that 𝜕𝑧𝑃Ω(𝑧𝑔) ∈ 𝐴2(Ω). By uniqueness, 𝜓𝑔 = 2𝜕𝑧𝑃Ω(𝑧𝑔).

Now, the necessary part of theorem 1.10 will be an easy consequence of the following two proposi-
tions:

Proposition 2.9. Let 𝑔, 𝑔𝑛 ∈ 𝐿2(𝕋) be supported in 𝜔cl. Assume that 𝑔𝑛 −−−−→𝑛→∞
𝑔 in 𝐿2(𝜔). Then, for

every 𝑧 ∈ Ω,
𝜕𝑧𝑃Ω(𝑧𝑔𝑛)(𝑧) −−−−−→𝑛→+∞

𝜕𝑧𝑃Ω(𝑧𝑔)(𝑧).

Proposition 2.10. Let 𝑔, 𝑔𝑛 ∈ 𝐿2(𝕋) be supported in 𝜔cl and such that 𝑃+𝑔𝑛 ∈ 𝒩𝒞𝐻2(𝜔) and 𝑃+𝑔 ∈
𝒩𝒞𝐻2(𝜔). Assume that 𝑔𝑛 −−−−→𝑛→∞

𝑔 in 𝐿2(𝜔). Then, for every 𝑧 ∈ Ω,

𝜓𝑔𝑛(𝑧) −−−−−→𝑛→+∞
𝜓𝑔(𝑧).
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Proof of theorem 2.9. The map 𝑔 ↦ 𝑃Ω𝑔 is continuous from 𝐿2(𝜔) to ℎ(Ω) endowed with the topology
of uniform convergence on compact subsets (theorem B.3). Since 𝑃Ω𝑔 is harmonic, for every 𝑧 ∈ Ω
and every 𝑟 > 0 such that 𝐷(𝑧, 𝑟) ⊂ Ω, a standard estimate on harmonic functions [18, Chapter 2,
Theorem 7] tells us:

|𝜕𝑧𝑃Ω𝑔(𝑧)| ≤ 𝐶𝑟‖𝑃Ω𝑔‖𝐿1(𝐷(𝑧,𝑟)) ≤ 𝐶′
𝑟‖𝑃Ω𝑔‖𝐿∞(𝐷(𝑧,𝑟)).

This proves that for every 𝑧 ∈ Ω, the map 𝑔 ∈ 𝐿2(𝜔) ↦ 𝜕𝑧𝑃Ω𝑔(𝑧) is continuous.

Proof of theorem 2.10. Step 1: Representation of 𝜓𝑔. — We claim that for all ℎ ∈ 𝐿2(𝜔) such that
𝑃+ℎ ∈ 𝒩𝒞𝐻2(𝜔),

𝜓ℎ(𝑧) = ∫
𝜔
ℎ(𝜁)𝑘Ω𝑧 (𝜁)|d𝜁|, (27)

where 𝑘Ω𝑧 is the Bergman kernel onΩ. Recall that 𝑘Ω𝑧 is the unique function in 𝐴2(Ω) such that for all
𝑓 ∈ 𝐴2(Ω),

𝑓(𝑧) = ⟨𝑓, 𝑘Ω𝑧 ⟩𝐴2(Ω).

Observe that using the boundary behaviour of the conformal map 𝔻 → Ω, theorem B.2 allows to
show that for all 𝑧 ∈ Ω, 𝑘Ω𝑧 extends continuously onΩcl. Hence, according toMergelyan’s theorem [45,
Theorem 20.5], there exists a sequence of polynomials (𝑝𝑘)𝑘 such that 𝑝𝑘 → 𝑘Ω𝑧 in 𝐿∞(Ω).

Thus

𝜓ℎ(𝑧) = ∫
Ω
𝜓ℎ(𝜁)𝑘Ω𝑧 (𝜁) d𝐴(𝜁) (definition of the Bergman kernel)

= lim
𝑘→∞

∫
Ω
𝜓ℎ(𝜁)𝑝𝑘(𝜁) d𝐴(𝜁) (𝑝𝑘 −−−−→𝑘→∞

𝑘Ω𝑧 )

= lim
𝑘→∞

⟨𝑃+ℎ, 𝑝𝑘⟩𝐻2 (definition 2.7 of 𝜓ℎ)

= lim
𝑘→∞

⟨ℎ, 𝑝𝑘⟩𝐿2 (𝑃+ selfadjoint and 𝑃+𝑝𝑘 = 𝑝𝑘)

= lim
𝑘→∞

∫
𝜔
ℎ(𝜁)𝑝𝑘(𝜁)|d𝜁| (suppℎ ⊂ 𝜔cl)

= ∫
𝜔
ℎ(𝜁)𝑘Ω𝑧 (𝜁)|d𝜁| (𝑝𝑘 −−−−→𝑘→∞

𝑘Ω𝑧 ).

This is the claimed formula.

Step 2: Conclusion. —We can apply this formula for 𝑔 and 𝑔𝑛. Thus,

𝜓𝑔(𝑧) = ∫
𝜔
𝑔(𝜁)𝑘Ω𝑧 (𝜁)|d𝜁|

= lim
𝑛→+∞

∫
𝜔
𝑔𝑛(𝜁)𝑘Ω𝑧 (𝜁)|d𝜁|

= lim
𝑛→∞

𝜓𝑔𝑛(𝑧).

Combining these results, we can now prove the following formula for 𝜓𝑔:

Proposition 2.11. Let 𝑔 ∈ 𝐿2(𝕋), be such that supp 𝑔 ⊂ 𝜔cl and 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔). Then,

𝜓𝑔 = 2𝜕𝑧𝑃Ω(𝑧𝑔).
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Since 𝜓𝑔 ∈ 𝐴2(Ω), this formula completes the proof of the necessary part of theorem 1.10.

Proof. Let 𝑔𝑛 ∈ 𝐶∞
𝑐 (𝜔) be such that 𝑔𝑛 → 𝑔 in 𝐿2(𝕋). According to theorem 1.9, 𝑃+𝑔𝑛 ∈ 𝒩𝒞𝐻2(𝜔),

and theorem 2.8 yields, 𝜓𝑔𝑛 = 2𝜕𝑧𝑃Ω(𝑧𝑔𝑛).
Thanks to theorem 2.9,

𝜓𝑔𝑛 = 2𝜕𝑧𝑃Ω(𝑧𝑔𝑛) −−−−→𝑛→∞
2𝜕𝑧𝑃Ω(𝑧𝑔)

pointwise. Moreover, according to theorem 2.10,

𝜓𝑔𝑛 −−−−→𝑛→∞
𝜓𝑔

pointwise. Thus, 𝜓𝑔 = 2𝜕𝑧𝑃Ω(𝑧𝑔).

3 The 𝐿2 problem
The aim of this section is to show how to use the 𝐻2-results in order to prove the 𝐿2-results.

3.1 The space 𝐴2 + 𝐴2

We recall that for a bounded domain Ω ⊂ ℂ, 𝐴2(Ω) denotes the Bergman space on Ω, i.e., the set of
holomorphic function on Ω that are in 𝐿2(Ω).

To prove theorem 1.11, we need the following proposition:

Proposition 3.1. LetΩ be an open bounded subset of ℂ. Assume that 𝜕Ω consists of a finite number of
closed curves having a continuous tangent except at a finite number of corners of angle in (0, 2𝜋). Then,
𝐴2(Ω) + 𝐴2(Ω) is closed.

Actually, it is known [44, Corollary 4.3] that 𝐴2(Ω) + 𝐴2(Ω) = {𝑓 ∈ 𝐿2(Ω, ℂ), 𝑓 is harmonic}.
As observed in [44, Section 4] the proposition above is a consequence of the following inequality of
Friedrichs [20]: if Ω satisfies the condition of the proposition, then there is 0 < 𝜃 < 1 such that for
every 𝑓 ∈ 𝐴2(Ω) with ∫Ω 𝑓 d𝐴 = 0, we have

|
|
|
∫
Ω
𝑓(𝑧)2 d𝐴(𝑧)

|
|
|
≤ 𝜃∫

Ω
|𝑓(𝑧)|2 d𝐴(𝑧).

See also [47], [43] for more on Friedrich’s inequality and alternative proofs.
For convenience of the reader, let us deduce theorem 3.1 from the Friedrichs inequality, using

some ingredients from [44, Corollary 4.4].

Proof of theorem 3.1 thanks to Friedrichs’ inequality. Let 𝐻 ≔ {𝑓 ∈ 𝐴2(Ω), ∫Ω 𝑓 d𝐴 = 0}. 𝐻 is a
closed subspace of 𝐿2(Ω). Let Π∶ 𝐿2(Ω) → 𝐻 be the orthogonal projection onto 𝐻, and let 𝐹 be the
antilinear operator 𝑓 ∈ 𝐻 ↦ Π𝑓 ∈ 𝐻.

Step 1: ‖𝐹‖ ≤ 𝜃, where 𝜃 is the constant of Friedrichs’ inequality. — Thanks to the definition of 𝐹, we
get that for every 𝑓, 𝑔 ∈ 𝐻,

⟨𝑓, 𝐹𝑔⟩𝐿2 = ∫
Ω
𝑓(𝑧)𝑔(𝑧) d𝐴(𝑧).

In particular, ⟨𝑓, 𝐹𝑔⟩𝐿2 = ⟨𝑔, 𝐹𝑓⟩𝐿2. Thus, thanks to the semilinearity of the scalar product,

⟨𝑓, 𝐹𝑔⟩𝐿2 =
1
4(⟨𝑓 + 𝑔, 𝐹(𝑓 + 𝑔)⟩𝐿2 − ⟨𝑓 − 𝑔, 𝐹(𝑓 − 𝑔)⟩𝐿2).
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Hence, according to Friedrichs’ inequality and the parallelogram identity,

|⟨𝑓, 𝐹𝑔⟩𝐿2| ≤
1
4(𝜃‖𝑓 + 𝑔‖2 + 𝜃‖𝑓 − 𝑔‖2) = 𝜃

4(2‖𝑓‖
2 + 2‖𝑔‖2) = 𝜃

2(‖𝑓‖
2 + ‖𝑔‖2).

Finally, applying this to 𝑓 = ‖𝑔‖𝐿2‖𝐹𝑔‖−1𝐿2 𝐹𝑔,

‖𝐹𝑔‖ ≤ 𝜃‖𝑔‖.

Step 2: Conclusion. — Let 𝑓𝑛, 𝑔𝑛 ∈ 𝐴2(Ω) be such that ℎ𝑛 ≔ 𝑓𝑛 + 𝑔𝑛 converges in 𝐿2(Ω), and let us
prove that the limit ℎ is in 𝐴2(Ω) + 𝐴2(Ω). Since 𝜆𝑛 ≔ ∫Ω ℎ𝑛 d𝐴 converges, we can assume without
loss of generality that ∫Ω 𝑓𝑛 d𝐴 = ∫Ω 𝑔𝑛 d𝐴 = 0 (subtract their average otherwise).

According to Cauchy-Schwarz inequality and step 1, we have for every 𝑓, 𝑔 ∈ 𝐻

‖𝑓 + 𝑔‖2𝐿2 = ‖𝑓‖2𝐿2 + ‖𝑔‖2𝐿2 + 2Re∫
Ω
𝑓(𝑧)𝑔(𝑧) d𝐴(𝑧)

= ‖𝑓‖2𝐿2 + ‖𝑔‖2𝐿2 + 2Re⟨𝑓, 𝐹𝑔⟩𝐿2
≥ ‖𝑓‖2𝐿2 + ‖𝑔‖2𝐿2 − 2𝜃‖𝑓‖𝐿2‖𝑔‖𝐿2
≥ (1 − 𝜃)(‖𝑓‖2𝐿2 + ‖𝑔‖2𝐿2).

Thus, 𝑓𝑛 and 𝑔𝑛 are Cauchy sequences, hence they converge in 𝐴2(Ω). This proves that ℎ = lim(𝑓𝑛 +
𝑔𝑛) = lim𝑓𝑛 + lim 𝑔𝑛 ∈ 𝐴2(Ω) + 𝐴2(Ω).

Theorem 3.1 allows us to prove the following result, where 𝐿20([0, 𝑇] × 𝜔) is the space {𝑓 ∈
𝐿2([0, 𝑇]×𝜔), ∫[0,𝑇]×𝜔 𝑓(𝑡, e

i𝑥) d𝑡 d𝑥 = 0}. Recall the input-to-output map for the 𝐿2 control system (2)
defined on 𝐿2([0, 𝑇] × 𝜔):

ℱ𝑇𝑢 ≔ ∫
𝑇

0
𝑆(𝑇 − 𝑠)(𝜒𝜔𝑢(𝑠, ⋅)) d𝑠,

and correspondingly for eq. (3):
ℱ+
𝑇 = 𝑃+ℱ𝑇.

Corollary 3.2. Let 𝑇 > 0 and𝒰 ≔ {𝑣 ∈ 𝐿2([0, 𝑇] × 𝜔), ℱ+
𝑇 𝑣 = 0} the set of controls 𝑣 that steer 0 to 0

in time 𝑇 for the system (𝜕𝑡 + |𝐷|)ℎ = 𝑃+1𝜔𝑣. We have

𝒰 +𝒰 = 𝐿20([0, 𝑇] × 𝜔).

Proof. We have 𝒰 = ker(𝑃+ℱ𝑇) = Range((ℱ𝑇)∗𝑃+)⊥. As already mentioned in (10), (ℱ𝑇)∗𝑔(𝑡) =
1∗𝜔𝑆(𝑇 − 𝑡)∗𝑔, where 1∗𝜔∶ 𝐿2(𝕋) → 𝐿2(𝜔) is the restriction operator. Hence, if 𝑔0 ∈ 𝐿2(𝕋) and
𝑔+0 = 𝑃+𝑔0 ∈ 𝐻2, (ℱ𝑇)∗𝑃+𝑔0(𝑡, ei𝑥) = 𝑔+0 (e−(𝑇−𝑡)+i𝑥) for 0 < 𝑡 < 𝑇 and ei𝑥 ∈ 𝜔. Thus, setting
𝑧 = e−(𝑇−𝑡)+i𝑥,

𝑢 ∈ 𝒰 ⇔ ∀𝑔+0 ∈ 𝐻2,∫
[0,𝑇]×𝜔

𝑢(𝑡, ei𝑥)𝑔+0 (e−(𝑇−𝑡)+i𝑥) d𝑡 d𝑥 = 0

⇔ ∀𝑔+0 ∈ 𝐻2,∫
Ω∗
|𝑧|−2𝑢(𝑇 + ln|𝑧|, 𝑧/|𝑧|)𝑔+0 (𝑧) d𝐴(𝑧) = 0

⇔ 𝑢a ∈ (𝐻2)⊥ (orthogonal in 𝐿2(Ω∗)),

where 𝑢a(𝑧) = |𝑧|−2𝑢(𝑇+ln|𝑧|, 𝑧/|𝑧|), andwhere as in the rest of the article,Ω∗ = Ω∗
𝑇 = {𝑧 ∈ ℂ, e−𝑇 <

|𝑧| < 1, 𝑧/|𝑧| ∈ 𝜔}. Since polynomials are dense in 𝐻2 and in 𝐴2(Ω∗) [11, Chapter 18, Theorem 1.11],
we get

𝑢 ∈ 𝒰 ⇔ 𝑢a ∈ (𝐴2(Ω∗))⊥.
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Hence, using the same notation 𝑢a as above,

𝑢 ∈ 𝒰 + 𝒰 ⇔ 𝑢a ∈ 𝐴2(Ω∗)⊥ + 𝐴2(Ω∗)
⊥
.

Since 𝐴2(Ω∗) + 𝐴2(Ω∗) is closed (theorem 3.1), we get 𝐴2(Ω∗)⊥ + 𝐴2(Ω∗)
⊥
= (𝐴2(Ω∗) ∩ 𝐴2(Ω∗))⊥

[8, Theorem 2.16]. Hence, 𝐴2(Ω∗)⊥ + 𝐴2(Ω∗)
⊥
= ℂ⊥ (orthogonal of constant functions in 𝐿2(Ω∗)).

Hence,

𝑢 ∈ 𝒰 + 𝒰 ⇔ 𝑢a ∈ ℂ⊥

⇔∫
Ω∗
|𝑧|−2𝑢(𝑇 + ln|𝑧|, arg(𝑧/|𝑧|)) d𝐴(𝑧) = 0

⇔ ∫
[0,𝑇]×𝜔

𝑢(𝑡, ei𝑥) d𝑡 d𝑥 = 0.

3.2 Link between the 𝐻2 and 𝐿2 control systems
Before proving theorem 1.11, let us point out that

𝑃+𝑔(ei𝑥) = 𝑃+ (∑
𝑛∈ℤ

𝑔̂(𝑛)e−i𝑛𝑥) = ∑
𝑛≤0

𝑔̂(𝑛)e−i𝑛𝑥.

Hence, as 𝑃+𝑔 is the projection on nonnegative frequencies of 𝑔, 𝑃+𝑔 is the projection on nonpositive
frequencies, a fact we will use frequently in the rest of this section.

Proof of theorem 1.11. Step 1: The easy implication. — If

(𝜕𝑡 + |𝐷|)𝑓(𝑡, ei𝑥) = 1𝜔𝑢(𝑡, ei𝑥), 𝑓(0, ei𝑥) = 𝑓0(ei𝑥),

then
(𝜕𝑡 + |𝐷|)𝑃+𝑓(𝑡, ei𝑥) = 𝑃+1𝜔𝑢(𝑡, ei𝑥), 𝑃+𝑓(0, ei𝑥) = 𝑃+𝑓0(ei𝑥),
(𝜕𝑡 + |𝐷|)𝑃+𝑓(𝑡, ei𝑥) = 𝑃+1𝜔𝑢(𝑡, ei𝑥), 𝑃+𝑓(0, ei𝑥) = 𝑃+𝑓0(ei𝑥).

Hence, if 𝑓0 ∈ 𝒩𝒞𝐿2(𝜔, 𝑇), then 𝑃+𝑓0 ∈ 𝒩𝒞𝐻2(𝜔) and 𝑃+𝑓0 ∈ 𝒩𝒞𝐻2(𝜔).

Step 2: The less easy implication. — Assume that 𝑃+𝑓0 ∈ 𝒩𝒞𝐻2(𝜔) and 𝑃+𝑓0 ∈ 𝒩𝒞𝐻2(𝜔). Then there
exists 𝑢± ∈ 𝐿2([0, 𝑇] × 𝜔) such that the solutions 𝑓± of

(𝜕𝑡 + |𝐷|)𝑓+(𝑡, ei𝑥) = 𝑃+1𝜔𝑢+(𝑡, ei𝑥), 𝑓+(0, ei𝑥) = 𝑃+𝑓0(ei𝑥),
(𝜕𝑡 + |𝐷|)𝑓−(𝑡, ei𝑥) = 𝑃+1𝜔𝑢−(𝑡, ei𝑥), 𝑓−(0, ei𝑥) = 𝑃+𝑓0(ei𝑥).

(28)

satisfy 𝑓±(𝑇, ⋅) = 0.
We are looking for a 𝑣 that steers 𝑓0 to 0 for the 𝐿2-control system (2). Let us denote by 𝑓 =

𝑆(𝑡)𝑓0 + ℱ𝑡𝑣 the corresponding solution. Considering 𝑃+𝑓 and 𝑃+𝑓, we see that 𝑣 steers 𝑓0 to 0 if and
only if 𝑣 steers both

• 𝑃+𝑓0 (the nonnegative frequencies of 𝑓0) to 0 for the control system (𝜕𝑡 + |𝐷|)ℎ+ = 𝑃+1𝜔𝑣,

• 𝑃+𝑓0 (i.e., the nonpositive frequencies of 𝑓0) to 0 for the control system (𝜕𝑡 + |𝐷|)ℎ− = 𝑃+1𝜔𝑣.
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The first of the above two conditions is equivalent to 𝑣 ∈ 𝑢+ +𝒰, while the second condition is
equivalent to 𝑣 ∈ 𝑢− +𝒰. Hence, we want to prove that (𝑢+ +𝒰) ∩ (𝑢− +𝒰) ≠ ∅. This is equivalent
to 𝑢+ − 𝑢− ∈ 𝒰 +𝒰.

But 𝒰 +𝒰 = 𝐿20([0, 𝑇] × 𝜔) (theorem 3.2). Hence, we only have to prove that

∫
[0,𝑇]×𝜔

𝑢+(𝑡, ei𝑥) d𝑡 d𝑥 = ∫
[0,𝑇]×𝜔

𝑢−(𝑡, ei𝑥) d𝑡 d𝑥. (29)

Considering the 0th Fourier coefficient in the control systems (28), we see that

𝜕𝑡𝑓+(𝑡, 0) = 1̂𝜔𝑢+(𝑡, 0).

Hence,

∫
[0,𝑇]×𝜔

𝑢+(𝑡, ei𝑥) d𝑡 d𝑥 = ∫
𝑇

0
1̂𝜔𝑢+(𝑡, 0) d𝑡 = 𝑓+(𝑇, 0) − 𝑓+(0, 0) = −𝑓̂0(0).

Similarly,

∫
[0,𝑇]×𝜔

𝑢−(𝑡, ei𝑥) d𝑡 d𝑥 = −𝑓̂0(0).

Thus, we do have eq. (29), and the proof of theorem 1.11 is complete.

3.3 Properties of the 𝐿2 control system
We now combine the properties of the 𝐻2 control system and the link between the 𝐻2 and 𝐿2 control
system (theorem 1.11).

Proof of theorem 1.13. Assume that 𝑓0 ∈ 𝒩𝒞𝐿2(𝜔) is analytic in a neighborhood of 𝕋, in other words,
for some 𝑐 > 0,

|̂𝑓0(𝑛)| ≤ 𝐶e−𝑐|𝑛|.

In particular, 𝑃+𝑓0(𝑧) = ∑𝑛≥0 𝑓̂0(𝑛)𝑧
𝑛 extends holomorphically to 𝐷(0, e𝑐). But 𝑃+𝑓0 ∈ 𝒩𝒞𝐻2(𝜔)

(theorem 1.11). Hence, according to theorem 1.6 𝑃+𝑓0 = 0.
Similarly, 𝑃+𝑓0 = ∑𝑛≤0 𝑓̂0(𝑛)𝑧

−𝑛 is in𝒩𝒞𝐻2(𝜔) and extends analytically to 𝐷(0, e𝑐), hence 𝑃+𝑓0 =
0.

Thus, Fourier coefficients for both nonnegative and nonpositive 𝑛 are 0, and so 𝑓0 = 0.

To prove that𝒩𝒞𝐿2 is dense, we will often use that 𝑃+ is self-adjoint on𝑊 𝑘,2(𝕋). We will also use
the following variation of theorem 2.6:

Lemma 3.3. Let 𝑘 ∈ ℕ. Let 𝑓 ∈ 𝐻2 ∩𝑊 𝑘,2(𝕋). Assume that

∀𝑔 ∈ 𝐶∞
𝑐 (𝜔) such that ∫

𝜔
𝑔 = 0, ⟨𝑓, 𝑔⟩𝑊𝑘,2(𝕋) = 0.

Then 𝑓 is constant.

Proof. Choose 𝜒 ∈ 𝐶∞
𝑐 (𝜔) real valued with ∫𝜔 𝜒 = 1. Set 𝑓1 = 𝑓 − ⟨𝑓, 𝜒⟩𝑊𝑘,2.

Let 𝑔 ∈ 𝐶∞
𝑐 (𝜔). Set 𝑔1 = 𝑔 − 𝜒∫𝜔 𝑔, which satisfies 𝑔1 ∈ 𝐶∞

𝑐 (𝜔) and ∫𝜔 𝑔1 = 0.

⟨𝑓1, 𝑔⟩𝑊𝑘,2 = ⟨𝑓, 𝑔⟩𝑊𝑘,2 − ⟨𝑓, 𝜒⟩𝑊𝑘,2⟨1, 𝑔⟩𝑊𝑘,2

= ⟨𝑓, 𝑔⟩𝑊𝑘,2 − ⟨𝑓, ⟨𝑔, 1⟩𝑊𝑘,2𝜒⟩𝑊𝑘,2

= ⟨𝑓, 𝑔 − ⟨𝑔, 1⟩𝑊𝑘,2𝜒⟩𝑊𝑘,2.
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Notice that according to the definition of the𝑊 𝑘,2 scalar product, ∫𝜔 𝑔 = ⟨𝑔, 1⟩𝑊𝑘,2. Thus, according
to the hypothesis on 𝑓,

⟨𝑓1, 𝑔⟩𝑊𝑘,2 = ⟨𝑓, 𝑔1⟩𝑊𝑘,2

= 0.

Since this is true for every 𝑔 ∈ 𝐶∞
𝑐 (𝜔) and since 𝑓1 ∈ 𝐻2, we can use theorem 2.6 to conclude that

𝑓1 = 0, i.e., 𝑓 = ⟨𝑓, 𝜒⟩𝑊𝑘,2 is constant.

Proof of theorem 1.14. Let ℎ ∈ 𝒩𝒞𝐿2(𝜔)⊥ (orthogonal in𝑊 𝑘,2(𝕋)).

Step 1: 𝑃+ℎ is constant. — Let 𝑔 ∈ 𝐶∞
𝑐 (𝜔) with ∫𝕋 𝑔 = 0 and set 𝑔+ = 𝑃+𝑔. According to theorem 1.7,

𝑃+𝑔+ = 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔). Moreover, 𝑃+𝑔+(𝑧) = 𝑔̂(0) (𝑃+𝑔+ only sees the nonpositive frequencies of
𝑔+, but 𝑔+ = 𝑃+𝑔 does not have any negative frequencies). But we assumed that ∫𝕋 𝑔 = 0, hence
𝑃+𝑔+ = 0 ∈ 𝒩𝒞𝐻2(𝜔). Thus, 𝑔+ ∈ 𝒩𝒞𝐿2(𝜔) (theorem 1.11).

Thus, for every 𝑔 ∈ 𝐶∞
𝑐 (𝜔) with ∫𝕋 𝑔 = 0,

0 = ⟨ℎ, 𝑔+⟩𝑊𝑘,2(𝕋) = ⟨ℎ, 𝑃+𝑔⟩𝑊𝑘,2(𝕋) = ⟨𝑃+ℎ, 𝑔⟩𝑊𝑘,2(𝕋)

In addition, since ℎ ∈ 𝐿2(𝕋), 𝑃+ℎ ∈ 𝐻2. Thus, according to theorem 3.3, 𝑃+ℎ is constant.

Step 2: 𝑃+ℎ is constant. — The reasoning is similar. Let 𝑔 ∈ 𝐶∞
𝑐 (𝜔) with ∫𝕋 𝑔 = 0, and set 𝑔− = 𝑃+𝑔.

According to theorem 1.7, 𝑃+𝑔− = 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔). Moreover, 𝑃+𝑔−(𝑧) = 𝑔̂(0) = 0 ∈ 𝒩𝒞𝐻2(𝜔). Thus,
𝑔− ∈ 𝒩𝒞𝐿2(𝜔) (theorem 1.11).

Thus, for every 𝑔 ∈ 𝐶∞
𝑐 (𝜔) with ∫𝕋 𝑔 = 0,

0 = ⟨ℎ, 𝑔−⟩𝑊𝑘,2(𝕋) = ⟨ℎ, 𝑃+𝑔⟩𝑊𝑘,2(𝕋) = ⟨ℎ, 𝑃+𝑔⟩𝑊𝑘,2(𝕋) = ⟨𝑃+ℎ, 𝑔⟩𝑊𝑘,2(𝕋) = ⟨𝑃+ℎ, 𝑔⟩𝑊𝑘,2(𝕋).

Thus 𝑃+ℎ is constant.

Step 3: Conclusion. — From the two first steps, every positive frequency of ℎ is 0, and from the second
step, every negative frequency is 0, so that ℎ is constant.

Finally, consider 𝑔 ∈ 𝐶∞
𝑐 (𝜔) with ∫𝕋 𝑔 ≠ 0. According to theorem 1.7, 𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔) and

𝑃+𝑔 ∈ 𝒩𝒞𝐻2(𝜔). Hence, according to theorem 1.11, 𝑔 ∈ 𝒩𝒞𝐿2(𝜔). Consequently, 0 = ⟨ℎ, 𝑔⟩𝑊𝑘,2(𝕋),
and since ℎ is constant, 0 = ⟨ℎ, 𝑔⟩𝑊𝑘,2(𝕋) = ⟨ℎ, 𝑔⟩𝐿2 = ℎ̂(0) ∫𝕋 𝑔, so that finally ℎ = 0.

We proved that𝒩𝒞𝐿2(𝜔)⊥ = {0}.

A Construction of the cutoff function
Lemma A.1. Let Ω1 and Ω2 be open subsets of ℂ such that d(Ω1 ∖ Ω2 Ω2 ∖ Ω1) > 0. There exists a
function 𝜒 ∈ 𝐶∞(ℂ) such that 𝜒 = 0 on a neighborhood of (Ω1 ∖ Ω2)cl and 𝜒 = 1 on a neighborhood of
(Ω2 ∖ Ω1)cl, with additionally 0 ≤ 𝜒 ≤ 1 and

∀𝑥 ∈ Ω1 ∪ Ω2, |∇𝜒(𝑥)| ≤
𝐶

d(Ω1 ∖ Ω2, Ω2 ∖ Ω1)
(30)

onΩ1 ∩ Ω2.
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Proof. Set 𝜖 = d(Ω1 ∖Ω2, Ω2 ∖Ω1). Let 𝜌 ∈ 𝐶∞
𝑐 (𝐵(0, 1))with 𝜌 ≥ 0 and ∫ℂ 𝜌(𝑧) d𝐴(𝑧) = 1. For 𝜂 > 0,

set 𝜌𝜂(𝑧) = 𝜂−2𝜌(𝜂−1𝑧).
Set 𝑑1(𝑧) = d(𝑧, Ω1 ∖ Ω2) and 𝑑2(𝑧) = d(𝑧, Ω2 ∖ Ω1). Set 𝛿

𝜂
𝑖 = 𝑑𝑖 ∗ 𝜌𝜂.

Let 𝜑 ∈ 𝐶∞([0, 1]) with 𝜑 = 0 on [0, 1/3] and 𝜑 = 1 on [2/3, 1].
Finally, for some 𝜂 > 0 to be chosen later (depending on 𝜖), set

𝜒(𝑧) = 𝜑 (
𝛿𝜂1 (𝑧)

𝛿𝜂1 (𝑧) + 𝛿𝜂2 (𝑧)
) . (31)

First, we claim that
‖𝑑𝑖 − 𝛿𝜂𝑖 ‖𝐿∞ ≤ 𝐶1𝜂. (32)

This a consequence of straightforward computations using that 𝑑𝑖 is 1-lipschitz:

|𝛿𝜂𝑖 (𝑧) − 𝑑𝑖(𝑧)| ≤ ∫
ℂ
|𝑑𝑖(𝑤) − 𝑑𝑖(𝑧)|𝜌𝜂(𝑧 − 𝑤) d𝐴(𝑤)

≤ ∫
ℂ
|𝑧 − 𝑤|𝜌𝜂(𝑧 − 𝑤) d𝐴(𝑤)

= 𝜂∫
ℂ
|𝑤|𝜌(𝑤) d𝐴(𝑤).

Fromnow on, we choose 𝜂 = 𝜖/(16𝐶1) (with the𝐶1 of the previous estimate (32)), so that ‖𝑑𝑖−𝛿
𝜂
𝑖 ‖𝐿∞ ≤

𝜖/16.
Here are some facts about these functions:

1. |∇𝑑𝑖| ≤ 1, hence ‖∇𝛿𝜂𝑖 ‖𝐿∞ = ‖∇𝑑𝑖 ∗ 𝜌𝜂‖𝐿∞ ≤ ‖∇𝑑𝑖‖𝐿∞‖𝜌𝜂‖𝐿1 ≤ 1.

2. By definition of 𝜖, we cannot have both 𝑑1 < 𝜖/2 and 𝑑2 < 𝜖/2, hence 𝑑1 + 𝑑2 ≥ 𝜖/2, and finally
𝛿𝜂1 + 𝛿𝜂2 ≥ 𝑑1 + 𝑑2 − 𝜖/8 ≥ 3𝜖/8.

3. If 𝑑1 ≤ 𝜖/16, we have 𝛿𝜂1 ≤ 𝜖/16 + 𝜖/16, hence 𝛿𝜂1 /(𝛿
𝜂
1 + 𝛿𝜂2 ) ≤

𝜖/8
3𝜖/8

= 1/3. Hence, by definition
of 𝜒 (eq. (31)), 𝜒 = 0 on a neighborhood of (Ω1 ∖ Ω2)cl.

4. Similarly, 𝜒 = 1 on {𝑧, 𝑑2(𝑧) < 𝜖/16}, which is a neighborhood of (Ω2 ∖ Ω1)cl.

The only thing left to prove on 𝜒 is the gradient estimate (14). We have

𝜕𝑥𝜒 = 𝜕𝑥 (
𝛿𝜂1

𝛿𝜂1 + 𝛿𝜂2
)𝜑′ (

𝛿𝜂1
𝛿𝜂1 + 𝛿𝜂2

)

=
𝛿𝜂2𝜕𝑥𝛿

𝜂
1 − 𝛿𝜂1𝜕𝑥𝛿

𝜂
2

(𝛿𝜂1 + 𝛿𝜂2 )2
𝜑′ (

𝛿𝜂1
𝛿𝜂1 + 𝛿𝜂2

)

= (
𝜕𝑥𝛿

𝜂
1

1 + 𝛿𝜂1 /𝛿
𝜂
2
−

𝜕𝑥𝛿
𝜂
2

1 + 𝛿𝜂2 /𝛿
𝜂
1
) 1
𝛿𝜂1 + 𝛿𝜂2

𝜑′ (
𝛿𝜂1

𝛿𝜂1 + 𝛿𝜂2
) .

In Ω1 ∩ Ω2, 𝛿
𝜂
𝑖 > 0, hence 1 + 𝛿𝜂1 /𝛿

𝜂
2 ≥ 1. Hence, we can estimate the right-hand side as

|𝜕𝑥𝜒| ≤ (|𝜕𝑥𝛿
𝜂
1 | + |𝜕𝑥𝛿

𝜂
1 |)

1
|𝛿𝜂1 + 𝛿𝜂2 |

‖𝜑′‖𝐿∞.

Using that |∇𝛿𝜂𝑖 | ≤ 1 and 𝛿𝜂1 + 𝛿𝜂2 ≥ 3𝜖/8, we get

|𝜕𝑥𝜒| ≤
16
3𝜖 ‖𝜑

′‖𝐿∞.

The same holds for 𝜕𝑦𝜒.
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B Background on the boundary behaviour of conformal maps
and on the Poisson kernel

In this section, Ω ⊂ ℂ satisfies:

Ω is a Jordan domain, i.e., the bounded component of ℂ ∖ 𝛾, where 𝛾 is a closed Jordan curve,
𝜕Ω is a finite union of smooth (say 𝐶2) curves that meet at angle 𝜋𝛼𝑘 with 0 < 𝛼𝑘 < 1.

(H)
The cases we are interested in are Ω = {e𝑥𝜁, 0 < 𝑥 < 𝑇, 𝜁 ∈ 𝜔} = Ω𝑇. Let also 𝜑 be a Riemann
mapping from 𝔻 to Ω.

Based on some existing results about the boundary behaviour of 𝜑, we state and prove the results
we need about the Poisson kernel and the Bergman Kernel of Ω.

We do not claim much novelty here: some of these results (or similar ones) are either in the
literature in great generality or are probably folklore. But to help the reader, we still prove them in our
specific case. Let us also mention that not every theorem that follows require all the above hypotheses
on Ω, even with our proof strategy. Since our goal is not to get the most general statements possible,
we do not detail this.

According to Carathéodory’s theorem [42, Theorem 2.6], 𝜑 extends by continuity to 𝔻cl, and this
extension (still denoted 𝜑) is a homeomorphism from𝔻cl toΩcl. In fact, if 𝜁𝑘 = 𝜑(𝑧𝑘) ∈ 𝜕Ω is a corner
of angle 𝜋𝛼𝑘, we have the following asymptotics when 𝑧 → 𝑧𝑘 [42, Theorem 3.9]:

𝜑(𝑧) − 𝜑(𝑧𝑘) ∼ 𝑐(𝑧 − 𝑧𝑘)𝛼𝑘, (33)
𝜑′(𝑧) ∼ 𝑐′(𝑧 − 𝑧𝑘)𝛼𝑘−1. (34)

Note that this applies also when 𝜕Ω is smooth at 𝜁0: this is the case when 𝛼 = 1.
Finally, let us mention that the linear measure |d𝑧| on 𝜕Ω is given by |d𝑧| = |𝜑′(𝑤)||d𝑤| [42,

Theorem 6.8], i.e., if 𝐽 ⊂ 𝜕𝔻,

∫
𝜑(𝐽)

|d𝑧| = ∫
𝐽
|𝜑′(𝑤)||d𝑤|. (35)

Here are some useful properties on 𝜑 that we will use in this appendix:

Lemma B.1. AssumeΩ ⊂ ℂ satisfies the hypothesis (H).

• Let 𝜓 = 𝜑−1. Then, 𝜓′ extends continuously toΩcl. In particular, |𝜑′| ≥ 𝑐 for some 𝑐 > 0.

• There exists𝐶 > 0 such that for every 0 < 𝑟 < 1 and every𝑤 ∈ 𝕋∖{𝜁1,… , 𝜁𝑛}, |𝜑′(𝑟𝑤)| ≤ 𝐶|𝜑′(𝑤)|.

Proof. Step 1: First assertion. —Of course, 𝜓′ is continuous and does not vanish insideΩ. To prove the
first point, we only need to look on a neighborhood of each point of the boundary. Let 𝜁0 = 𝜑(𝑧0) ∈ 𝜕Ω.
Then, inverting the asymptotics (33), we get

𝜓(𝜁) − 𝜓(𝜁0) ∼ 𝑐−1/𝛼(𝜁 − 𝜁0)1/𝛼.

Plugging this asymptotic in the asymptotics of 𝜑′, we get

𝜓′(𝜁) = 1
𝜑′(𝜓(𝜁))

∼ 1

𝑐′(𝑐−1/𝛼(𝜁 − 𝜁0)1/𝛼)
𝛼−1

∼ 𝑐″(𝜁 − 𝜁0)1/𝛼−1.
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Since 𝛼 < 1 if 𝜁0 is a corner and 𝛼 = 1 else, 𝜓′ has a limit in 𝜁0 (equal to zero at the corners). Since this
is true for any 𝜁0 ∈ 𝜕Ω, 𝜓′ does extend continuously to Ωcl. Since 𝜓′ = 1/𝜑′ ∘ 𝜓 extends continuously
(and hence is bounded), |𝜑′| is bounded from below.

Step 2: Second assertion. — According to the previous asymptotics (33)–(34), the functions:

𝜑(𝑧) − 𝜑(𝑧0)
(𝑧 − 𝑧0)𝛼

and
𝜑′(𝑧)

(𝑧 − 𝑧0)𝛼−1

are continuous and different from 0 and∞ in𝔻∩𝐷(𝑧0, 𝜖) for some 𝜖 > 0 (this is even true when there
is no corner, i.e. 𝛼 = 1). If {𝜁𝑘}𝑛𝑘=1 = {𝜑(𝑧𝑘)}𝑛𝑘=1 are the 𝑛 corners of Ω with corresponding angles
𝜋𝛼𝑘, it follows that ℎ(𝑧) = 𝜑′(𝑧)/∏𝑛

𝑘=1(𝑧 − 𝑧𝑘)𝛼𝑘−1 extends to a non-vanishing continuous bounded
function on 𝔻. In particular

|𝜑′(𝑧)| ≍
𝑛
∏
𝑘=1

|𝑧 − 𝑧𝑘|𝛼𝑘−1

Let |𝑤| = 1. It suffices to estimate |𝑟𝑤 − 𝑧𝑘|. We have:

|𝑤 − 𝑧𝑘| ≤ |𝑤 − 𝑟𝑤| + |𝑟𝑤 − 𝑧𝑘| ≤ 2|𝑟𝑤 − 𝑧𝑘|.

Since 0 < 𝛼𝑘 ≤ 1, this proves

|𝑟𝑤 − 𝑧𝑘|𝛼𝑘−1 ≤ 21−𝛼|𝑤 − 𝑧𝑘|𝛼𝑘−1.

As a first consequence, here is a property on the Bergman kernel that is used in the proof of our
necessary and sufficient condition (theorem 1.10)

Proposition B.2. AssumeΩ ⊂ ℂ satisfies the hypothesis (H). Let 𝑤 ∈ Ω and let 𝑘Ω𝑤 be the Bergman
kernel (i.e., for all 𝑓 ∈ 𝐴2(Ω), 𝑓(𝑤) = ⟨𝑓, 𝑘Ω𝑤⟩𝐴2(Ω)). Then, for all 𝑤 ∈ Ω, 𝑘Ω𝑤 extends continuously onΩ.

Proof. Let 𝑘𝔻𝑤(𝑧) = (𝜋(1 − 𝑧𝑤)2)−1 be the Bergman kernel of the unit disk [50, Theorem 2.7, 16, §1.2].
Set 𝜓 = 𝜑−1. By the change of variables formula (17),

𝑘Ω𝑤(𝑧) = 𝑘𝔻𝜓(𝑤)(𝜓(𝑧))𝜓
′(𝑧)𝜓′(𝑤).

According to the formula for 𝑘𝔻, for every 𝑤 ∈ 𝔻, 𝑘𝔻𝑤 is continuous on 𝔻cl. Since 𝜓 is continuous on
𝔻cl (Carathéordory’s theorem) and 𝜓′ is also continuous on𝔻cl (theorem B.1), 𝑘Ω𝑤 is indeed continuous
on 𝔻cl.

Another consequence is that the Dirichlet problem is solvable onΩ with 𝐿2 boundary data. Recall
that a function ℎ is harmonic in Ω if and only if ℎ ∘ 𝜑 is harmonic in 𝔻. In particular, if ℎ is regular
enough (say 𝐶2(Ω) ∩ 𝐶0(Ω)), 𝑔 ≔ ℎ|𝜕Ω and Δℎ = 0, then, ̃ℎ = ℎ ∘ 𝜑 satisfies ̃ℎ ∈ 𝐶2(𝔻) ∩ 𝐶0(𝔻)
(assuming hypothesis (H)), Δ ̃ℎ = 0 and ̃ℎ|𝜕𝔻 = ℎ ∘ 𝜑. I.e., ℎ ∘ 𝜑 = 𝑃𝔻(𝑔 ∘ 𝜑). This motivates the
following definition of 𝑃Ω:

Corollary B.3. Assume Ω ⊂ ℂ satisfies the hypothesis (H). Let 𝑃Ω be the map 𝐶0(𝜕Ω) → 𝐶0(Ωcl)
defined by

𝑃Ω𝑔(𝜑(𝑤)) = 𝑃𝔻(𝑔 ∘ 𝜑)(𝑤), 𝑤 ∈ 𝔻,
where 𝑃𝔻 is the Poisson kernel of the disk:

𝑃𝔻(𝑧, 𝜁) =
1 − |𝑧|2

|𝑧 − 𝜁|2
, 𝑧 ∈ 𝔻, 𝜁 ∈ 𝕋.

The formula above extends 𝑃Ω as a continuous linear map 𝐿2(𝜕Ω) → ℎ(Ω), where ℎ(Ω) is the space
of harmonic functions onΩ endowed with the topology of uniform convergence on compact subsets.
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We have already encountered the Poisson kernel for domains other than 𝔻 when discussing
harmonic extension to 𝔻e, but this domain does not satisfy the hypotheses (H).

By definition, we say that 𝑢 = 𝑃Ω𝑔 is the solution of Δ𝑢 = 0 on Ω, 𝑢 = 𝑔 on 𝜕Ω. The Dirichlet
problem in nonsmooth domains has been widely studied, with hypotheses much more general
than (H), see, e.g., [27] for an overview. But in our case, we can prove what we need very easily.

Proof. As in theorem B.1, we denote 𝜓 = 𝜑−1. The definition of 𝑃Ω reads

𝑃Ω𝑔(𝜑(𝑤)) = ∫
𝜕𝔻

𝑃𝔻(𝑤,𝑤′)𝑔(𝜑(𝑤′))|d𝑤′|, 𝑤 ∈ 𝔻.

According to the change of variable-formula for |d𝑤′| (35), this can be written as

𝑃Ω𝑔(𝑧) = ∫
𝜕Ω

𝑃𝔻(𝜓(𝑧), 𝜓(𝑧′))𝑔(𝑧′)|𝜓′(𝑧′)||d𝑧′|, 𝑧 = 𝜑(𝑤) ∈ Ω.

Since |𝜓′| is bounded (theorem B.1), the definition of 𝑃Ω𝑔makes sense for 𝑔 ∈ 𝐿2(𝜕Ω), and for every
such 𝑔, 𝑃Ω𝑔 is harmonic on Ω. The required continuity property of the map 𝑔 ↦ 𝑃Ω𝑔 follows from
the fact that 𝑃𝔻(𝜓(𝑧), 𝜓(𝑧′)|𝜓′(𝑧′)| is bounded on 𝐷(0, 𝑟)𝑧 × 𝜕𝔻𝑧′ for every 0 < 𝑟 < 1.

The following proposition is a simple elliptic regularity result. Since it is enough for our purpose
and since the proof is simple with the properties of the conformal map outlined above, we do it here.

Proposition B.4. Assume Ω ⊂ ℂ satisfies the hypothesis (H). Let 𝑔∶ 𝜕Ω → ℂ. For every 𝜁0 ∈ 𝜕Ω
such that 𝜕Ω is not smooth at 𝜁0, assume that 𝑔 = 0 on a neighborhood of 𝜁0. If 𝑔 ∈ 𝑊 1,2(𝜕Ω), then
𝑃Ω𝑔 ∈ 𝑊 1,2(Ω).

Proof. Let 𝜁0 = 𝜑(𝑧0) ∈ 𝜕Ω that is not a corner of 𝜕Ω. According to the asymptotics of 𝜑 and
𝜑′ (33)–(34), 𝜑 is 𝐶1 at 𝑧0.

Since 𝑔 = 0 on a neighborhood of the corners, we deduce that 𝑔 ∘ 𝜑 ∈ 𝑊 1,2(𝕋). We claim that
𝜕𝑧𝑃𝔻(𝑔 ∘ 𝜑) ∈ 𝐿2(𝔻). This is a standard computation: set 𝑔1 = 𝑔 ∘ 𝜑. We can write

𝑃𝔻𝑔1(𝑧) = ∑
𝑛≥0

𝑔̂1(𝑛)𝑧𝑛 + ∑
𝑛>0

𝑔̂1(−𝑛)𝑧
𝑛.

In particular,

‖𝜕𝑧(𝑃𝔻𝑔1)‖2𝐿2(𝔻) =
‖
‖‖ ∑
𝑛≥0

𝑛𝑔̂1(𝑛)𝑧𝑛−1
‖
‖‖

2

𝐿2(𝔻)
= 𝜋 ∑

𝑛>0
𝑛|̂𝑔1(𝑛)|2.

Since 𝑔1 ∈ 𝑊 1,2(𝕋), the right-hand side above is indeed finite (in fact, we only need 𝑔1 ∈ 𝑊 1/2,2(𝕋)).
This proves the claim.

Finally, the change of variables 𝑧 = 𝜓(𝜁) = 𝜑−1(𝜁) that satisfies d𝐴(𝑧) = |𝜓′(𝜁)|2 d𝐴(𝜁) gives

∫
Ω
|𝜕𝜁𝑃Ω𝑔(𝜁)|2 d𝐴(𝜁) = ∫

Ω

|||
d
d𝜁

(𝑃𝔻𝑔1(𝜓(𝜁)))
|||

2
d𝐴(𝜁)

= ∫
Ω
||𝜓′(𝜁) (𝜕𝑧𝑃𝔻𝑔1(𝜓(𝜁)))||

2 d𝐴(𝜁)

= ∫
𝔻
||𝜕𝑧𝑃𝔻𝑔1(𝑧)||

2 d𝐴(𝑧).

This right-hand side is finite, hence 𝜕𝜁𝑃Ω𝑔 ∈ 𝐿2(Ω). Similarly, 𝜕𝜁𝑃
Ω𝑔 ∈ 𝐿2(Ω).
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Proposition B.5. AssumeΩ ⊂ ℂ satisfies the hypothesis (H). We use the notation 𝑃Ω of theorem B.3.
Let 𝑔 ∈ 𝐿2(𝜕Ω). Assume that 𝜕𝑧𝑃Ω𝑔 ∈ 𝐿2(Ω). Then, for every 𝑣 holomorphic on Ω that is 𝐶0(Ωcl), we
have

∫
𝜕Ω

𝑣(𝑧)𝑔(𝑧) d𝑧 = 2i∫
Ω
𝑣(𝑧)𝜕𝑧𝑃Ω𝑔(𝑧) d𝐴(𝑧).

If Ω is smooth and 𝑓 ∈ 𝐶1(Ωcl), Stokes’ theorem applied to the differential form 𝑓(𝑧) d𝑧, gives

∫
𝜕Ω

𝑓(𝑧) d𝑧 = ∫
Ω
𝜕𝑧𝑓(𝑧) d𝑧 ∧ d𝑧 = 2i∫

Ω
𝜕𝑧𝑓(𝑧) d𝐴(𝑧).

If 𝑣𝑃Ω𝑔 ∈ 𝐶1(Ωcl), theorem B.5 is just this formula with 𝑓 = 𝑣𝑃Ω𝑔. The only difference in the
statement above is the weaker regularity on Ω and 𝑔.

Proof. We denote 𝑢 = 𝑃Ω𝑔. For 0 < 𝑟 < 1, let Ω𝑟 = 𝜑(𝐷(0, 𝑟)) that is a smooth domain. We apply the
usual Stokes formula and take the limit 𝑟 → 1.

Step 1: Stokes formula on Ω𝑟. — Since (Ω𝑟)cl ⊂ Ω, 𝑢 ∈ 𝐶1((Ω𝑟)cl). Moreover, Ω𝑟 is smooth. Hence,
according to Stokes’ formula,

∫
𝜕Ω𝑟

𝑣(𝑧)𝑢(𝑧) d𝑧 = 2i∫
Ω𝑟

𝜕𝑧(𝑣𝑢)(𝑧) d𝐴(𝑧) = 2i∫
Ω𝑟

𝑣(𝑧)𝜕𝑧𝑢(𝑧) d𝐴(𝑧), (36)

where the last equality follows from the holomorphy of 𝑣.

Step 2: Limit of the right-hand side. — Since 𝜕𝑧𝑢 ∈ 𝐿2(Ω) (by hypothesis) and 𝑣 ∈ 𝐶0(Ωcl), this proves
that 1Ω𝑟𝑣𝜕𝑧𝑢 is dominated by an 𝐿

1(Ω) function. Hence, the dominated convergence theorem gives

∫
Ω𝑟

𝑣(𝑧)𝜕𝑧𝑢(𝑧) d𝐴(𝑧) = ∫
Ω
1Ω𝑟𝑣(𝑧)𝜕𝑧𝑢(𝑧) d𝐴(𝑧) −−−→𝑟→1

∫
Ω
𝑣(𝑧)𝜕𝑧𝑢(𝑧) d𝐴(𝑧).

Step 3: Limit of the left-hand side. — For |𝑧| < 1, let us set 𝑈(𝑧) = 𝑢(𝜑(𝑧)) and 𝑉(𝑧) = 𝑧𝑣(𝜑(𝑧))𝜑′(𝑧).
We claim that

∫
𝜕Ω𝑟

𝑢(𝑧)𝑣(𝑧) d𝑧 = i∫
2𝜋

0
𝑔(𝜑(ei𝜃))𝑣(𝜑(𝑟2ei𝜃))𝑟2ei𝜃𝜑′(𝑟2ei𝜃) d𝜃. (37)

Indeed, according to theorem B.1, the function |𝜑′| is bounded from below by some constant 𝑐 > 0,
so that

∞ >∫
𝜕Ω

|𝑔(𝑧)|2|d𝑧| = ∫
𝕋
|𝑔 ∘ 𝜑(𝜁)|2|𝜑′(𝜁)||d𝜁| ≥ 𝑐∫

𝕋
|𝑔 ∘ 𝜑(𝜁)|2|d𝜁|.

Hence 𝑔 ∘ 𝜑 ∈ 𝐿2(𝕋). Then, since 𝑈 is harmonic in 𝔻 with boundary values 𝑔 ∘ 𝜑, and using 𝑃𝔻(𝑧, ei𝜃),
the Poisson kernel on 𝔻 already introduced earlier, we have

𝑈(𝑧) = ∫
2𝜋

0
𝑔(𝜑(ei𝜃))𝑃(𝑧, ei𝜃) d𝜃.
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On the other hand

∫
𝜕Ω𝑟

𝑢(𝑧)𝑣(𝑧) d𝑧 = ∫
2𝜋

0
𝑢(𝜑(𝑟ei𝑡))𝑣(𝜑(𝑟ei𝑡))𝑟iei𝑡𝜑′(𝑟ei𝑡) d𝑡

= i∫
2𝜋

0
𝑈(𝑟ei𝑡)𝑉(𝑟ei𝑡) d𝑡

= i∫
2𝜋

0
∫

2𝜋

0
𝑔(𝜑(ei𝜃))𝑃(𝑟ei𝑡, ei𝜃) d𝜃 𝑉(𝑟ei𝑡) d𝑡.

Since 𝑣 is holomorphic, 𝑉 is harmonic. Using Fubini’s theorem, we recognise a Poisson integral in
the 𝑡 variable:

∫
𝜕Ω𝑟

𝑢(𝑧)𝑣(𝑧) d𝑧 = i∫
2𝜋

0
𝑔(𝜑(ei𝜃))∫

2𝜋

0
𝑃(𝑟ei𝑡, ei𝜃)⏟⎵⎵⏟⎵⎵⏟
=𝑃(𝑟ei𝜃,ei𝑡)

𝑉(𝑟ei𝑡) d𝑡 d𝜃

= i∫
2𝜋

0
𝑔(𝜑(ei𝜃))𝑉(𝑟2ei𝜃) d𝜃,

which is the claimed formula.
We now justify that the right-hand side of this formula converges thanks to the dominated con-

vergence theorem. According to theorem B.1, there is a constant 𝐶 such that for every ei𝜃 ≠ 𝜁𝑘
(𝑘 = 1,… , 𝑛),

|𝜑′(𝑟ei𝜃)| ≤ 𝐶|𝜑′(ei𝜃)|.
The hypothesis 𝑔 ∈ 𝐿2(𝜕Ω) reads ∫2𝜋

0 |𝑔(𝜑(ei𝜃))|2|𝜑′(ei𝜃)| d𝜃 < +∞. Hence, the integrand of the
right-hand side of eq. (37) is dominated by the 𝐿1 function 𝐶|𝑔(𝜑(ei𝜃))||𝜑′(ei𝜃)|, and the dominated
convergence theorem gives

lim
𝑟→1

∫
𝜕Ω𝑟

𝑢(𝑧)𝑣(𝑧) d𝑧 = i∫
2𝜋

0
𝑔(𝜑(ei𝜃))𝑣(𝜑(ei𝜃))ei𝜃𝜑′(ei𝜃) d𝜃

= ∫
𝜕Ω

𝑔(𝑧)𝑣(𝑧) d𝑧.

Combining this limit with the limit on ∫Ω𝑟
𝜕𝑧(𝑢𝑣) of the previous step, the proposition is proved.

C The half-heat equation on a segment
Let 𝜔 ⊂ (0, 𝜋) be non-trivial open segment. Here, we explain how to transfer some of our results
on the half-heat equation on the torus (2) to the half-heat equation on the segment with Dirichlet
boundary conditions:

{
(𝜕𝑡 + |𝐷𝐼|)𝑓(𝑡, 𝑥) = 1𝜔𝑢(𝑡, 𝑥), 𝑡 ≥ 0, 𝑥 ∈ (0, 𝜋),
𝑓(𝑡, 0) = 𝑓(𝑡, 𝜋) = 0, 𝑡 ≥ 0,
𝑓(0, 𝑥) = 𝑓0(𝑥), 𝑥 ∈ (0, 𝜋), 𝑓0 ∈ 𝐿2(0, 𝜋),

(38)

where |𝐷𝐼| = √−𝜕2𝑥 with Dirichlet boundary conditions on (0, 𝜋), defined by functional calculus, i.e.,

⎧

⎨
⎩

𝐷(|𝐷𝐼|) = {∑𝑛>0 𝑓𝑛 sin(𝑛𝑥), ∑𝑛>0 |𝑛|
2|𝑓𝑛|2 < +∞} = 𝑊 1,2

0 (0, 𝜋),

|𝐷𝐼|(∑𝑛>0 𝑓𝑛 sin(𝑛𝑥)) = ∑𝑛>0 𝑛𝑓𝑛 sin(𝑛𝑥).
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Figure 6: Top left: illustration of an example𝜔 ⊂ (0,𝜋). Right: the corresponding𝜔𝕋 ⊂ 𝕋 for the purpose of theoremC.2.
Bottom left: the corresponding 𝜔per ⊂ ℝ for the purpose of theorem C.5. In general, 𝜔𝕋 is not an interval, but the union
of two intervals. While our results on𝒩𝒞𝐻2(𝜔′) and𝒩𝒞𝐿2(𝜔′) are mostly stated when 𝜔′ is an interval of 𝕋, they
also hold when 𝜔′ is a finite union of intervals, hence we will apply them with 𝜔𝕋.

We will call this control system the Dirichlet control system.

Definition C.1. We say that 𝑓0 ∈ 𝐿2(0, 𝜋) is null-controllable (or steerable to 0) from 𝜔 in time 𝑇 if
there exists 𝑢 ∈ 𝐿2([0, 𝑇] × 𝜔) such that the solution 𝑓 of the Dirichlet control system (38) with initial
condition 𝑓0 is such that 𝑓(𝑇, ⋅) = 0.

We denote by𝒩𝒞𝐼(𝜔, 𝑇) the set of initial conditions that are steerable to 0 from 𝜔 in time 𝑇.

TheoremC.2. For a function 𝑓 ∈ 𝐿2(0, 𝜋), extended as an odd 2𝜋-periodic function, let 𝔈𝑓(ei𝑥) = 𝑓(𝑥).
Define 𝜔𝕋 ≔ {𝜁 ∈ 𝕋, |arg(𝜁)| ∈ 𝜔} (here, arg is the determination of the argument in (−𝜋, 𝜋], see fig. 6).

Then, for any 𝑓0 ∈ 𝐿2(0, 𝜋), 𝑓0 ∈ 𝒩𝒞𝐼(𝜔, 𝑇) if and only if 𝔈𝑓0 ∈ 𝒩𝒞𝐿2(𝜔𝕋).

Note that up to a √2 factor, 𝔈 is an isometry from 𝐿2(0, 𝜋) into 𝐿2(𝕋). The proof of theorem C.2
relies on the following lemma, that shows this embedding 𝔈 is a natural tool to study the Dirichlet
control system (38):

Lemma C.3. Let 𝑆(𝑡) be the semigroup on 𝐿2(𝕋) generated by |𝐷𝑥| (eq. (4)). Let 𝑆𝐼(𝑡) be the semigroup
generated by |𝐷𝐼|. Then 𝑆(𝑡) ∘ 𝔈 = 𝔈 ∘ 𝑆𝐼(𝑡).

Proof. If we write 𝑓 ∈ 𝐿2(0, 𝜋) as 𝑓(𝑥) = ∑𝑛>0 𝑓𝑛 sin(𝑛𝑥) and 𝔈𝑓 as 𝔈𝑓(e
i𝑥) = ∑𝑛∈ℤ 𝔈𝑓(𝑛)e

i𝑛𝑥, it is
standard that 𝑓𝑛 = 2i𝔈𝑓(𝑛) = −2i𝔈𝑓(−𝑛) and 𝔈𝑓(0) = 0. The lemma is then a consequence of the
formula for the semigroups:

𝑆(𝑡)𝔈𝑓(ei𝑥) = ∑𝑛∈ℤ 𝔈𝑓(𝑛)e
−|𝑛|𝑡ei𝑛𝑥,

𝑆𝐼(𝑡)𝑓(𝑥) = ∑𝑛>0 𝑓𝑛e
−𝑛𝑡 sin(𝑛𝑥).

Proof of theorem C.2. As in the proof of theorem 1.2, 𝑓0 ∈ 𝐿2(0, 𝜋) is steerable to 0 from 𝜔 in time 𝑇 if
and only if

∀𝑔0 ∈ 𝐿2(0, 𝜋), |⟨𝑓0, 𝑆𝐼(𝑇)𝑔0⟩𝐿2(0,𝜋)| ≲ ‖𝑆𝐼(𝑡)𝑔0‖𝐿2([0,𝑇]×𝜔).

Since 𝔈 is an isometry (up to some constant) from 𝐿2(0, 𝜋) into 𝐿2(𝕋), but also from 𝐿2(𝜔) into 𝐿2(𝜔𝕋),
this is equivalent to

∀𝑔0 ∈ 𝐿2(0, 𝜋), |⟨𝔈𝑓0, 𝔈𝑆𝐼(𝑇)𝑔0⟩𝐿2(𝕋)| ≲ ‖𝔈𝑆𝐼(𝑡)𝑔0‖𝐿2([0,𝑇]×𝜔𝕋).

39



Using the lemma, this is in turn equivalent to

∀𝑔1 ∈ 𝔈𝐿2(0, 𝜋), |⟨𝔈𝑓0, 𝑆(𝑇)𝑔1⟩𝐿2(𝕋)| ≲ ‖𝑆(𝑡)𝑔1‖𝐿2([0,𝑇]×𝜔𝕋).

Now, 𝔈𝐿2(0, 𝜋) is the closed subspace of 𝐿2(𝕋) consisting of the odd functions, and it is characterized
by 𝑔1 ∈ 𝔈𝐿2(0, 𝜋) if and only if ∀𝑛 ∈ ℤ, 𝑔̂1(−𝑛) = −𝑔̂1(𝑛). Hence, it is stable by 𝑆(𝑡). Moreover, every
𝑔0 ∈ 𝐿2(𝕋) can be written as 𝑔0 = 𝑔1 + 𝑔2 with 𝑔1 ∈ 𝔈𝐿2(0, 𝜋) (i.e., 𝑔1 odd) and 𝑔2 even. The space
of even functions is orthogonal to the space of odd functions, hence these functions 𝑔1 and 𝑔2 are
orthogonal in 𝐿2(𝕋). If 𝑔0 ∈ 𝐿2(𝜔), seen as function in 𝐿2(0, 𝜋) supported on 𝜔, the corresponding
functions 𝑔1 and 𝑔2 are orthogonal in 𝐿2(𝜔𝕋). Thus, since 𝔈𝑓0 is odd by construction,

⟨𝔈𝑓0, 𝑆(𝑇)𝑔1⟩𝐿2(𝕋) = ⟨𝔈𝑓0, 𝑆(𝑇)𝑔0⟩𝐿2(𝕋),
‖𝑆(𝑡)𝑔0‖2𝐿2([0,𝑇]×𝜔𝕋)

= ‖𝑆(𝑡)𝑔1‖2𝐿2([0,𝑇]×𝜔𝕋)
+ ‖𝑆(𝑡)𝑔2‖2𝐿2([0,𝑇]×𝜔𝕋)

.

Thus, 𝑓0 is steerable to 0 from 𝜔 in time 𝑇 if and only if

∀𝑔0 ∈ 𝐿2(𝕋), |⟨𝔈𝑓0, 𝑆(𝑇)𝑔0⟩𝐿2(𝕋)| ≲ ‖𝑆(𝑡)𝑔0‖𝐿2([0,𝑇]×𝜔𝕋),

i.e., if and only if 𝔈𝑓0 is steerable to 0 from 𝜔𝕋 in time 𝑇.

To say something about the null-controllable states for the Dirichlet control system (38), one only
has to use our theorems on the 𝐿2 control system and apply them to 𝔈𝑓0. With one caveat: the majority
of our theorems are stated when 𝜔 is an interval of 𝕋, but in the context of theorem C.2, 𝜔𝕋, might
not be an interval, even if 𝜔 is an interval of (0, 𝜋) (see fig. 6). Fortunately, our theorems do hold with
the same proofs when 𝜔 is finite a union of open intervals of 𝕋 that are at positive distance from one
another. Hence we can in fact apply our theorems because 𝜔𝕋 is the union of two intervals of 𝕋 (and
if they touch, it counts as one interval only). For instance:

Theorem C.4. Let 𝜔 be a non-trivial open interval of (0, 𝜋). For every 𝑇, 𝑇 ′ > 0, 𝒩𝒞𝐼(𝜔, 𝑇) =
𝒩𝒞𝐼(𝜔, 𝑇 ′).

Proof. This is an immediate consequence of our characterization of 𝒩𝒞𝐼(𝜔, 𝑇) (theorem C.2) and the
independence of 𝒩𝒞𝐿2(𝜔, 𝑇) with respect to time (theorem 1.12).

Theorem C.5. Let 𝜔 be a non-trivial open interval of (0, 𝜋). Let 𝜔per = {𝑥 ∈ ℝ, ei𝑥 ∈ 𝜔𝕋} (i.e., the
union of 𝜔, −𝜔 and their translations by 2𝜋𝑘 for 𝑘 ∈ ℤ, see fig. 6). Let 𝑓0 ∈ 𝐿2(0, 𝜋). Assume that
𝑓0 ∈ 𝒩𝒞𝐼(𝜔). Then, there exists 𝑓1 harmonic on ℝ2 ∖ 𝜔cl

per, 2𝜋-periodic in 𝑥, bounded on {(𝑥, 𝑦), |𝑦| > 1}
such that 𝑓1(𝑥, 0) = 𝑓0(𝑥) for almost every 𝑥 ∈ (0, 𝜋) ∖ 𝜔.

Note that this necessary condition implies that 𝑓0 is analytic on (0, 𝜋) ∖ 𝜔cl, but also implies some
compatibility conditions at the boundary (unless at the possible point where 𝜔 touches the boundary):
for instance if 0 is not adherent to 𝜔, since the odd extension of 𝑓0 must be analytic at 0, this implies
in particular that for 𝑘 ∈ ℕ, 𝜕2𝑘𝑥 𝑓(0) = 0.

Let us recall the following fact that will be frequently used in the following proof: 𝑃+𝑔 corresponds
to the non-negative frequencies of 𝑔 and 𝑃+𝑔 to the non-positive ones. In particular, 𝑃+𝑔+𝑃+𝑔 = 𝑔+𝑔̂(0).

Proof. Let 𝑓0 ∈ 𝒩𝒞𝐼(𝜔). Thanks to our characterization of 𝒩𝒞𝐼(𝜔), we have 𝔈𝑓0 ∈ 𝒩𝒞𝐿2(𝜔𝕋).
Hence, according to our characterization of 𝒩𝒞𝐿2 (theorem 1.11), 𝑃+𝔈𝑓0 ∈ 𝒩𝒞𝐻2(𝜔𝕋) and 𝑃+𝔈𝑓0 ∈
𝒩𝒞𝐻2(𝜔𝕋). Finally, our necessary condition for𝒩𝒞𝐻2 (theorem 1.5) tells that there exists two func-
tions 𝑓± holomorphic on ℂ̂ ∖ 𝜔cl

𝕋 that coincide on 𝔻 with 𝑃+𝔈𝑓0 and 𝑃+𝔈𝑓0 respectively.
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Set 𝑓1(𝑥, 𝑦) ≔ (𝑓++𝑓−)(ei𝑥−𝑦). By definition, 𝑓1 is 2𝜋-periodic in 𝑥. Note that 𝑓+ = 𝑃+𝔈𝑓0 on 𝕋∖𝜔cl
𝕋

and 𝑓− = 𝑃+𝔈𝑓0 on 𝕋 ∖ 𝜔cl
𝕋 . Note also that by definition, 𝔈𝑓0 is odd, hence 𝔈̂𝑓0(0) = 0. Hence, we get

for 𝑥 ∈ ℝ ∖ 𝜔cl
per (i.e., ei𝑥 ∉ 𝜔cl

𝕋)

𝑓1(𝑥, 0) = 𝑃+𝔈𝑓0(ei𝑥) + 𝑃+𝔈𝑓0(ei𝑥)
= 𝔈𝑓0(ei𝑥) + 𝔈̂𝑓0(0)
= 𝑓0(𝑥).

Since 𝑃+𝔈𝑓0 and 𝑃+𝔈𝑓0 are holomorphic on ℂ̂ ∖ 𝜔cl
𝕋 ,

( dd𝑡 − i dd𝑥) (𝑓+(e
i𝑥−𝑡)) = (−ei𝑥−𝑡 − i2ei𝑥−𝑡)𝑓′+(ei𝑥−𝑡) = 0,

( dd𝑡 + i dd𝑥) (𝑓−(e
i𝑥−𝑡)) = (−ei𝑥−𝑡 − i2ei𝑥−𝑡)𝑓′−(ei𝑥−𝑡) = 0.

Hence,
Δ𝑓1 = ( dd𝑡 + i dd𝑥) (

d
d𝑡 − i dd𝑥) (𝑓+(e

i𝑥) + 𝑓−(ei𝑥−𝑡))) = 0.

That is, 𝑓1 is harmonic on ℝ2 ∖ 𝜔cl
per and bounded away from the real axis.

Corollary C.6. Let 𝜔 be a non-trivial interval of (0, 𝜋) that is at positive distance from {0, 𝜋}. Let 𝑓0 be
real-analytic on (0, 𝜋). If 𝑓0 ∈ 𝒩𝒞𝐼(𝜔), then 𝑓0 = 0.

Proof. According to our characterization of 𝒩𝒞𝐼(𝜔) (theorem C.5), 𝔈𝑓0 ∈ 𝒩𝒞𝐻2(𝜔𝕋). Moreover,
according to our hypothesis, 𝔈𝑓0 is real-analytic at every point of 𝕋 ∖ {1, −1}. And with theorem C.5,
we can prove that 𝔈𝑓0 is also real-analytic at 1 and −1: indeed, let 𝑓1 as in theorem C.5, i.e., for
𝑥 ∈ ℝ, 𝔈𝑓0(ei𝑥) = 𝑓1(𝑥, 0). Since 𝑓1 is harmonic (hence real-analytic) outside 𝜔cl

per × {0}, 𝔈𝑓0 is indeed
real-analytic outside 𝜔cl

𝕋ℎ and in particular at 1 and −1 (because 𝜔 is at positive distance from {0, 𝜋}).
In conclusion, 𝔈𝑓0 is real-analytic on 𝕋. Hence, 𝔈𝑓0 = 0 (theorem 1.13). Hence 𝑓0 = 0.

Our proof does not work as-is if 𝜔 touches the boundary because we don’t know whether 𝔈𝑓0 is
analytic at the corresponding point. Maybe finer properties of harmonic functions could help, but we
leave that for future work. In any case, if we assume a priori that 𝑓0 is also analytic at 0, we recover
the result.

Theorem C.7. Let 𝜔 be a non trivial open interval of (0, 𝜋) that stays at positive distance from {0, 𝜋}.
Let 𝑓0 ∈ 𝑊 1/2,2

00 (0, 𝜋). Then 𝑓0 ∈ 𝒩𝒞𝐼(𝜔) if and only if there exists 𝑔 ∈ 𝑊 1/2,2
00 (𝜔 ∪ (−𝜔)) such that

∫𝜋
−𝜋 𝑔(𝑥) d𝑥 = 0 and

𝑓0(𝑥) = ∑
𝑛>0

𝑔̂(𝑛) sin(𝑛𝑥), with 𝑔̂(𝑛) = 1
2𝜋 ∫

𝜋

−𝜋
𝑔(𝑥)e−i𝑛𝑥 d𝑥.

Proof. Since 𝑓0 ∈ 𝑊 1/2,2
00 (0, 𝜋), by definition of𝑊 1/2,2

00 (0, 𝜋) the extension by 0 is𝑊 1/2,2(ℝ). Substract-
ing 𝑓0(−𝑥), we see that 𝔈𝑓0 ∈ 𝑊 1/2,2(𝕋).

Combining our characterization of 𝒩𝒞𝐼(𝜔) (theorem C.2), of 𝒩𝒞𝐿2(𝜔) (theorem 1.11) and of
𝒩𝒞𝐻2(𝜔)∩𝑊 1/2,2(𝕋) (theorem1.9), we see that𝑓0 ∈ 𝒩𝒞𝐼(𝜔) if and only if there exists 𝑔± ∈ 𝑊 1/2,2

00 (𝜔𝕋)
such that

𝑃+𝔈𝑓0 = 𝑃+𝑔+, 𝑃+𝔈𝑓0 = 𝑃+𝑔−. (39)

Step 1: Necessary condition. —We claim that 𝑔−(ei𝑥) = −𝑔+(e−i𝑥).
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Since 𝔈𝑓0 is odd, 𝔈̂𝑓0(0) = 0 and

𝔈𝑓0 = 𝑃+𝔈𝑓0 + 𝑃+𝔈𝑓0 = 𝑃+𝑔+ + 𝑃+𝑔−.

Using again that 𝔈𝑓0 is odd (hence 𝔈̂𝑓0(−𝑛) = −𝔈̂𝑓0(𝑛)), we deduce that for 𝑛 > 0,

−𝑔+(𝑛) = −𝔈̂𝑓0(𝑛) = 𝔈̂𝑓0(−𝑛) = 𝑔−(𝑛).

Hence, if we set 𝑟(ei𝑥) = 𝑔−(ei𝑥) + 𝑔+(e−i𝑥), we have

𝑟(ei𝑥) = ∑
𝑛∈ℤ

𝑔−(𝑛)e−i𝑛𝑥 + 𝑔+(𝑛)e−i𝑛𝑥.

According to the previous computation, all the terms for 𝑛 ≥ 0 vanishes. Hence, 𝑟 only has positive
frequencies, and since 𝑟 ∈ 𝐿2(𝕋), we get 𝑟 ∈ 𝐻2. Since 𝜔𝕋 is symetric (see fig. 6), 𝑔+(e−i𝑥) is also
supported on 𝜔𝕋. Hence, supp(𝑟) ⊂ 𝜔cl

𝕋 . Thanks to the unique continuation property of 𝐻2 functions
(see [25, §I.1.1.2] or [45, Theorem 17.18]), 𝑟 = 0 and the claim is proved.

In particular, the relation −𝑔+(𝑛) = 𝑔−(𝑛) stays true for every 𝑛 ∈ ℤ. Thus, we get

𝑓0(𝑥) = 𝔈𝑓0(ei𝑥)

= 𝑃+𝑔+(ei𝑥) + 𝑃+𝑔−(ei𝑥)

= ∑
𝑛≥0

𝑔+(𝑛)ei𝑛𝑥 + 𝑔−(𝑛)e−i𝑛𝑥

= ∑
𝑛≥0

𝑔+(𝑛)(ei𝑛𝑥 − e−i𝑛𝑥)

= ∑
𝑛>0

2i𝑔+(𝑛) sin(𝑛𝑥).

Thus, the necessary condition holds with 𝑔(𝑥) = 2i𝑔+(ei𝑥).

Step 2: Sufficient condition. — Let 𝑔 as in the statement. Then

𝑓0(𝑥) =
1
2i ∑𝑛>0

𝑔̂(𝑛)(ei𝑛𝑥 − e−i𝑛𝑥) = 1
2i ∑𝑛>0

𝑔̂(𝑛)(ei𝑛𝑥 − e−i𝑛𝑥).

Thus, with 𝑔+(ei𝑥) = 𝑔(𝑥)/2i, we have 𝑃+𝔈𝑓0 = 𝑃+𝑔+, and with 𝑔−(ei𝑥) = 𝑔+(e−i𝑥), we have 𝑃+𝔈𝑓0 =
−𝑃+𝑔−. Hence 𝔈𝑓0 ∈ 𝒩𝒞𝐿2(𝜔).

D The reachable space
Some of our methods can be used to study the space of reachable states, defined as follows:

Definition D.1. We say that 𝑓𝑇 ∈ 𝐻2 (resp. 𝐿2(𝕋)) is reachable on 𝜔 in time 𝑇 on𝐻2 (resp. 𝐿2) if there
exists a control 𝑢 ∈ 𝐿2([0, 𝑇] × 𝜔) such that the solution 𝑓 of the control system (3) (resp. (2)) with
initial condition 0 satisfies 𝑓(𝑇, ⋅) = 𝑓𝑇.

We denote the set of reachable functions on 𝜔 in time 𝑇 byℛ𝐻2(𝜔, 𝑇) (resp.ℛ𝐿2(𝜔, 𝑇)).

With the methods of section 3, we could prove results on ℛ𝐿2(𝜔, 𝑇) from results on ℛ𝐻2(𝜔, 𝑇).
We do not detail this further, and instead sketch some results onℛ𝐻2(𝜔, 𝑇).
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Proposition D.2. Let 𝜔 be an open subset of 𝕋 and 𝑇 > 0. LetΩ∗
𝑇 ≔ {𝑧 ∈ ℂ, e−𝑇 < |𝑧| < 1, 𝑧/|𝑧| ∈ 𝜔}

(see fig. 1). Let 𝑓𝑇 ∈ 𝐻2. The following assertions are equivalent:

• 𝑓𝑇 ∈ ℛ𝐻2(𝜔, 𝑇).

• For every polynomial 𝑔 ∈ ℂ[𝑋],

|⟨𝑓𝑇, 𝑔⟩𝐻2| ≲ ‖𝑔‖𝐴2(Ω∗
𝑇). (40)

The proof is very similar to the one of eq. (5), with the appropriate observability inequality.

Theorem D.3. Let 𝑇 > 0 and 𝜔 be an open subset of 𝕋. LetΩ𝑇 as in theorem 1.2. If 𝑓𝑇 ∈ ℛ𝐻2(𝜔), 𝑓𝑇
can be extended holomorphically on ℂ̂ ∖ (Ω𝑇)cl.

The proof is very similar to the one of theorem 1.4 and is omitted.
We proved that every function in 𝑃+(𝑊

1/2,2
00 (𝜔)) is null-controllable to 0. In fact, the same strategy

based on Stokes’ formula used in section 2.4.1 proves these functions are also reachable:

Theorem D.4. Let 𝑇 > 0 and 𝜔 be an interval of 𝕋. If ℎ ∈ 𝑊 1/2,2
00 (𝜔), we implicitly extend ℎ on 𝕋 by 0

outside 𝜔. Then,
𝑃+(𝑊

1/2,2
00 (𝜔)) ⊂ ℛ𝐻2(𝜔, 𝑇).

Wemight be able to adapt the methods used in the proof of theorem 1.7 to get a space of reachable
states with less regularity, but we leave that for another time. However, we can exhibit explicit
functions inℛ𝐻2(𝜔, 𝑇) that are not null-controllable:

Theorem D.5. Let 𝑇 > 0 and 𝜔 be an open subset of 𝕋. Let Ω∗
𝑇 as in theorem D.2. For |𝑢| < 1, let

𝑘ᵆ(𝑧) = 1/(1 − 𝑢𝑧). Then,
𝑘ᵆ ∈ ℛ𝐻2(𝜔, 𝑇) ⇔ 𝑢 ∈ Ω∗

𝑇.

In addition, 𝑘ᵆ ∉ 𝒩𝒞𝐻2(𝜔).

Proof. Since 𝑘ᵆ is the reproducing kernel of 𝐻2, the left-hand side of the observability inequality (40)
is

⟨𝑘ᵆ, 𝑔⟩𝐻2 = 𝑔(𝑢).

This can be estimated by ‖𝑔‖𝐴2(Ω∗
𝑇) if and only if 𝑢 ∈ Ω∗

𝑇.
Since 𝑘ᵆ is holomorphic on 𝐷(0, 1/|𝑢|), it cannot be steered to 0 (theorem 1.6).

In particularℛ𝐻2(𝜔, 𝑇) genuinely depends on 𝑇. This is coherent with the following observation:

Proposition D.6.
𝒩𝒞𝐻2(𝜔) = 𝑆(𝑇)−1(ℛ𝐻2(𝜔, 𝑇)).

Proof. Let us denote by 𝑆(𝑡, 𝑓0, 𝑢) the solution of the half-heat equation (3). According to Duhamel’s
formula, 𝑆(𝑡, 𝑓0, 𝑢) = 𝑆(𝑡)𝑓0 + ℱ+

𝑡 𝑢. Then, by definition of 𝒩𝒞𝐻2(𝜔) andℛ𝐻2(𝜔, 𝑇),

𝑓0 ∈ 𝒩𝒞𝐻2(𝜔) ⇔ ∃𝑢 ∈ 𝐿2([0, 𝑇] × 𝜔), 𝑆(𝑇, 𝑓0, 𝑢) = 0
⇔ ∃𝑢 ∈ 𝐿2([0, 𝑇] × 𝜔), 𝑆(𝑇)𝑓0 = −ℱ+

𝑇 𝑢
⇔ 𝑆(𝑇)𝑓0 ∈ ℛ𝐻2(𝜔, 𝑇).
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